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p

D�? I .%LM9:<KP^J:;=;49:HKP b GI9:<GC:? G+,3<)? ;=?�P
ēi
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Φn (A) :

(
W (A) −→ A

(a0, . . . , an, . . .) 7→ ap
n

0 + pap
n−1

1 + . . .+ pn−1apn−1 + pnan

)
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a = (a0, . . . , an, . . .)
?0N
b = (b0, . . . , bn, . . .)

D�?
W (A)

. � #0GIE-C:9:H7P
s = a+ b = (s0, . . . , sn, . . .)

? N
p = ab = (p0, . . . , pn, . . .)
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?SP N <KHd>@9:G b O)E5P"> ? D;� J�H)H)?�J�<`�)@'9�<)G"HKE N�D�E4G"?B#-N"?S>@? H3N
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p0 = a0b0

�
# ?L,3<)Ef?SP N1GIJ:E4P"9:H)H7J6H);4?v� b 9�<)G[>d<);=N"E b ;=E4? G1D�?S<`��H)9�>AH)GI?SP$��9�H�# 9:>@>@? HG# ? b J:G[>d<);=N"E b ;=E4? G�;4? <)G®#+O)E�_fG"? D�?SP <)H)E=N���PJ.� ? >@9�G b OKE4P">@?

Φ1
D)9:H)H)?_;4?SPt# 9:HKD)E NIE=9�HKP

sp0 + s1p = ap0 + a1p+ bp0 + b1p

pp0 + p1p = (ap0 + a1p) (bp0 + b1p)

�ZE
p
?�P N1E4H3C:? G+P"EnH);4?iD)J�H7P

A
�G#0?�PK�$,3<KJ�N"E49:HKP1P"?_G���P 9�;nC�? H3N ? NR9:HXN"GI9:<%C�? #
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p − ap0 − bp0
p

p1 = a1b
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0 + ap0b1 + a1b1p

1 E=HKP"E � J:< >@9:E4HKP ;49:G+P�,3<)?
p

?SP NdE4H3C:?SGIP"EnHK;=?�D)J:HKP
A

�'? N+# ? ;5J ?G� b ;4E-,3<)? b 9�<)G�,�<K9:E ; � 9:H J�C�J�E=NAH8?SP"9:E4H D;� <)H b ;4<KPW�GIJ:HKD�D�?SW:G � D�?_W/� H%�SGIJ:;=E=N��e� �3#0?SP1D)? <`� ?,� b G"?�P"P"E49:HKP[D"�G"KHKE4PIP ?SH3N
s1

?0N
p1

D)?L@.J a09�H <)H)E4,3<)?v.)��H�C:9�E N�>fU >@?)H)E=?SH
,3<)? b J:G%G �$#0<KG"GI? HG# ?�;*� 9:H+C�J N"GI9:<%C�? G�<)HK?®@'9:GI>#<);4? b 9:;4�3H#&:>@E4J:;=?t,3<)E7D"�G"KHKE N[D)?®@.J�a 9:H@<)H)E4,3<)?

sn
?0N
pn

b 9:<)G%N"9:<)N?SH�NIE=?SG
n
�fD�E5P 9�HKP

sn = Sn (a0, . . . , an, b0, . . . , bn) = Sn (a, b)
? N
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Λ (A) = 1 + tA [[t]]
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E :

(
W (A) −→ Λ (A)

a = (a0, . . . , an, . . .) 7→ exp
(
−Φ0 (a) t− Φ1 (a) t

p

p − . . .− Φn (a) t
pn

pn − . . .
)
)
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E (a) = exp

(
−a0 − (ap0 + a1p)

tp

p
−
(
ap

2

0 + pap1 + p2a2

) tp2

p2
− . . .

)

= exp

(
−a0t−

(a0t)
p

p
− (a0t)

p2

p2
− . . .− a1t

p − (a1t
p)
p

p
− (a1t

p)
p2
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− . . .− . . .
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= F (a0t)F (a1t
p) . . . F (ant

pn) . . .

9 WX; � 9�H J b GIE5P1P 9�E=H D�? b 9�P"? G #

F (x) = exp

(
−x− xp

p
− . . .− xp

n

pn
− . . .

)
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exp (−x) =
∏

n>1

(1− xn)µ(n)/n
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µ (1) = 1
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p1, . . . , pr
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µ (p1 . . . pr) = (−1)
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% # P /vH(.��$C�0�/�N�0�� 2 P�P�&(0nC�/ 2 N # P #
∀x ∈ A, [...] −→ ∀x(x ∈ A)⇒ [...]
∃x ∈ A, [...] −→ ∃x(x ∈ A) # N [...]

Q .��
������]�
dh	� 
 ���*
	!�� ����!�!���� ���
	

∀A∀B[(∀x(x ∈ A)⇔ (x ∈ B))⇒ A = B]

]*% -80��¯,'& #� 0 A # � B  � 2 �?- # &`� #�2��#�, H(% #� / �'/ 2 � # �(//#�� #:,6#�2 �<% #�?, U ,6#� �:%n� ,6#�2 �  �'/�%���.  0�% � � 2 �g�SW�/�&`�;.
1 0 2� 0 b ��&(.A-"�G" 2 0�.4& 2@#�2��#�, H(% # A 0�%  &%j6.�/6- # -"�," 2 0�. �#� ��%-� ,6#�2 �  .
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dh�
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∀x∀y∃A(∀z(z ∈ A)⇔ (z = x
��&

z = y))

]*%�-(0��®,'&�� ����/ 2 �>-8� 2�2 � - # &`� #�2��#:, H(% #� x # � y �'0�% # �80  � # & 2F#�2��#�, H(% # A ,�&�0 2 � / b ��&(.g�:%n� ,6#�2 �  ,'& # x # �
y
.�� # � #�2��#�, H(% #3#� �>& 2 0-,'& # b /+. % � /���0�� ,6# -;� # ��� #:2� 0�� 2�2 /+%�0�� � # �A� 2 % #E2 ��� # .�/ {x, y} .� .��
������]�
dh�
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∀I∃A(∀z(z ∈ A)⇔ (∃y ∈ I, z ∈ y))
� # %B/EC # &��3-80�. # ,'& # % #� ��%-� ,6#�2 �  - # A  � 2 � # �(/v#�� #�,6#:2 �E% #� ��%-� ,6#�2 �  - #� �:%n� ,6#�2 �  - # I . X 2 #���. # & 2(#@)��0  & 2 � # % #:2��#�, H�% # #� �A& 2 0-,'& # ��� 2 % # 2 ��� # .�/ ∪I �)%�0�. #�\8!����+! - # I �!.�� # %B/E#���.�. #� b � 2 -F0 2 @)��. ,6# %�% #:,;#:2 �'6& 2(# & 2 0�� 2 0 2 - # �"� # b /�.A%*� #�2��#:, H(% # -;� 0 2 -(0-# #� I ��% #� #:2��#�, H�% #� ,'& # %*� � 2 . ��& 2 0��&����/ 2 � b .��B#	0  � ,;#:2 �A% #���%-� ,6#�2 �  - # I .

� .��
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dh�
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 �

∀A∃B(∀X(X ∈ B)⇔ (X ⊂ A))

�(� #�2��#�, H(% # B #� �A& 2 0-,'& # �80�%  � /�W�0��A- # % � #:2��#:, H(% # - #� b /+.���0 #� - # A �_,�& # % � � 2@2 ��� # P(A)
.
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�!(� ���+!� 2# # $G� , /C-�� /���0�� ,6#� . # W�.���& b #4#�2 Wv� 2 ��.�/+%�& 2�# 0 2 " 2 0�� � -;� /��80�� ,;#� 0 2 - # �"� # b /�.G% #� @)��. , &(% #� %���W�04,'& #� .09%�&  b . �$#�0  � ,6#:2 �?0�%�-80��¯,'& # b ��&�.%����&�� # @)��. , &(% # F � 2 /3& 2 # # .���/+0 2 /Y�80�� ,6# .T� #� # $%� , /$- # #�� , b . ��$ #:2 *
 0�� 2 b # . ,6# �4- # b /+.�% # . - #& ��&  * #:2��#�, H�% #� �'0�% #� �4-"�$#�.�0�� b /+. #

∀u1 . . .∀un∀X∃Y (∀x(x ∈ Y )⇒ ((x ∈ X) # � (F (x, u1, . . . , un)))
��W>( #� � & 2(# @)��. , &(% # ,�& # %4#	� 2 ,�& # ' (n+1)

C /�.�0B/6H�% #� %�0-H(. #� �J#6� #� ��*¦'Y**-80�. # -(/ 2� %B/v,'& # %�% # � 2 b # &��  &%H  ��0���& # .
(n + 1)

C /�.�0B/6H�% #� �104#	0 #�2 % � �"#J#�&(.�. #:2 # # x, u1, . . . , un
.Q� #' # $%� , / - # #	� , b .���$ #�2� 0�� 2 -80��,�& # % ( ��&  *

#�2��#�, H(% #� - # X -8��0-C #:2 � # �80  � # .$�80�%  � /�W�0��A- # # # &`�,'&(0  � 2 �4-%�G" 2 0 ) /vH(% #� b /+.4& 2(# @)��. , &�% # .#� #� /+&���. #�� 2 �3% # -8.���0�� -;� # �80  � # . , /�0  � 2 2(# % # &(.30 , b � �# b /  .*�L� #� �3% #6, /Y�80 , & , ,'& # % � � 2 b # &�� 0 , b � �# .5����/ 2 �-8� 2(2 �u,�& # % � � 2 /+0 ,;# .�/�0��A/�& , ��0 2� ,'& # % #� /���0�� ,6#�+ ��0 #:2 �A-"�B#	.�0��  b /+.A- #� @)��. , &�% #� %���W�04,�& #� .� #� # $G� , />0 , b %�04,�& #9#�2 b /�.,��0-#�&(%�0 # . %*� # �80  � #�2 # # -;� & 23#�2��#�, H(% #12 � / �'/ 2 � /+&G#�& 2 ��%-� ,6#:2 �B.,X 23# _ # �$� b . #:2 � 2�
X
& 2�#�2��#�, H(% # ,'& # %-#�� 2 ,'& # - # %*� & 2 0-C # .  �*,'&(0 # ��0  � # b &(0  ,�& # U #� � 2 � 2 C�0B- # �1/�%���.  % � #�2��#�, H(% # Y -%�G" 2 0b /+. #

∀x(x ∈ Y )⇔ ((x ∈ X) # � x 6= x)

# �80  � # ��&  � #�,6#�2 � b /�. %*� /Y�80�� ,6# - # #	� , b .���$ #�2� 0�� 2D# � #� �tC�0�- # .#� 2 � # % #:2��#:, H(% #E#� �A& 2 04,'& # b /+. # ��� #�2 *
 0�� 2(2 /+%�0�� �v�8� 2 % #32 ��� # .�/ ∅ b /�.>%�/  &(0�� # .� #� # $%� , / b # . ,6# �>/�& � 0 - # -"�G" 2 0�.>% � 0 2 � # . �# #���0�� 2 - # - # &`� #�2��#:, H(% #� �'-(0  � 2� A # � B .`]*%  � /:W�0��  0 , b % # *
,;#:2 �4- # %*� #�2��#:, H(% # X -"�," 2 0 b /+. #

∀z(z ∈ X)⇔ ((z ∈ A) # � (z ∈ B))� #�2 % # C����'/ 2 � 0-#�0f#	� ,6,;# & 2' ��&  * #�2��#:, H(% # - # A �!.#X 2 #���. # %*� # ��� #�2� 0�� 2(2 /�%�0���� b .���&GC # %*� & 2 04#	0����C-;� & 2 � # %
#�2��#�, H(% # �8� 2 % # 2 ��� # .�/ (A ∩ B)

.
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�!��� #� /��80�� ,;#� b . �$#!� - #�2 � E2(# b # . ,6# �,� #:2 � #�2 @ /+0�� b /  - # b /+.�% # .3- # ����&  % #�E#�2��#:, H(% #� -8� 2 � � 2 /+&(.�/+0��
#�2 C�0 # .`]*%X@ /+&�� #:2 #	��. # /�����&�� # .G%B/+# $(� �#  &(0-C�/ 2 � # .)� 2 -(0��&,'& # F (x, y, u1, . . . , un)

& 2(# @)��. , &(% # '
(n+ 2)C /�.�0B/6H�% #� %�0-H(. #�>#� �A& 2(# @)� 2 #���0�� 2(2(# %�% # #:2 x # � y  0 # %�% # C/��.�0" # %B/+#	� 2 -80���0�� 2  &(0-C�/ 2 � # #

∀x∀y∀y′∀u1 . . . ∀un(F (x, y, u1, . . . , un) # � F (x, y′, u1, . . . , un))⇒ (y = y′)

� # %B/KC # &!� # �(/v#�� #�,6#:2 � -(0�. # ,'&�� ����/ 2 � -(� 2(2 � x, u1, . . . , un
�	0�%���/ /�& b %�&  & 2 y ,'&(0/Cv�:.�0�" # F (x, y, u1, . . . , un)
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�L� #� � , ��.�/+% #�,6#:2 �>% � 0 , /�� # - # x � /+. %B/A@)� 2 #���0�� 2(2(# %�% # F .
� #  # $%� , / - # . #�,�� %B/v# #:,6#�2 �4-80���,'& #�� ��&�. ����&�� # @)� 2 #���0�� 2(2(# %�% # F �  0 A #� ��& 27#�2��#�, H(% # ��0�% #:27#� ��- #
, U ,6# - # F (A)

� /�C # #C- #�E2 � ��/���0�� 2� �JC�0B- #�2 � #� �3� # % � #�	� w:. #;, /+0  - # ����&�� # @ /�a	� 2 % � /Y�80�� ,6#
� . �$#�0  �# .�/�$#	.�0��
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%�&  H�/  � � � 2 /�0 ,6# .�/+0�� -8� 2 #C0 2 - # � # .3% #� /Y�80�� ,6#��� /�. - #� @)� 2 #���0�� 2(2(# %�% #� .�� # &(% #:,6#�2 �u# # %B/ 2 � #� �

�
/ �� � � 0-H(% # �"#�/+.?%�/ � .�� � .�0-����� -;� U���. # & 2(# @)� 2 #���0�� 2(2(# %�% # -%� � #�2 -E@)��.�� #�,6#:2 � - # %*� & 2 0-C # .  #	� 2� 0B-"�:.�� # �>� 2/+0 ,;# .�/�0���,�& # % #� /Y�80�� ,6#�A2 � #:2 -"� ��#:2 - #�2 � � /  ,'&�/ 2 - , U ,6# .	0 ��&(. � /+%�%�0 # .�# # %�/G��� 2 0 2 - # � #$#:2 @ /+0��E% #�/Y�80�� ,6#�� /+. ����&�� #� % #� @)��. , &(% #�># �A� 2�� .��"#!w - # /+0 2� 0 #

(F (x, y, u1, ..., un)
@)� 2 #���0�� 2(2(# %�% # )⇒ [∀u1...∀un∀A∃B(∀y(y ∈ B)⇒ (∃x ∈ AF (x, y, u1, ..., un)))]

�(� #�2��#�, H(% # B �# .�/ 2 ����� F (A)
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∃X((∃x ∈ X) # � (∀x ∈ X, x ∪ {x} ∈ X))
��W {x} #� � % � #:2��#:, H(% # #	� 2 � #�2 / 2 �>& 2 0-,'& #:,6#�2 � x �(0�% # ��0  � #E#�2 C # .,��& - # %*� /Y�80�� ,6# - # %�/ � /�0�. # .
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dh�
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���
/+.�� #�2 / 2 # # .-.n.G� # C # &`� -80�. #�� /+.C%-'�,'&(0KC/��.�0" # xi+1 ∈ xi �
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/+.���0�. - # % � #:2��#�, H�% # C'0B- # ' % � /�0�- # - #� � � �:.�/���0�� 2��� . �$#!� - #�2 � #� .k� /r@ /�a�� 2 %B/ � %�& � 0 ,�� % # -;� �B#	.�0�. # # # %B/

 ��&  @)��. ,6# -�� & 2 /���0�� ,6#E#� �  / 2� -8��&�� # %B/  &(0-C�/ 2 � # #

∀x(x 6= ∅)⇒ (∃y ∈ x, (x ∩ y) = ∅)
]*% 2 � #� � � / � 0	�JC�0�- #�2 �G- #�, � 2 ��. # .2,'& # # # �,� # #	� 2 -80���0�� 2( 0 ,�� % # �B,'&(0nC�/�&��G/�&`�8� 2 � 2 #!� �� %�&  0 2 ��&(0���0n@  ,'& #%*� � 2 /�-8� 2�2 �  ��&  � # #�0**- #�� &  � 2 ��& >2�# % #�� .���&%C # .�� 2��� /  0-#�0*.
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 /+0�� � /  . � � � 2 -8. # 'A# # �,� # ,'& #� ��0�� 2 � # � , U ,6#�, 0 # &`�;��� 2�� # &!� , � 2 ��. # .g,'& # %*� � 2D2(#�� # &!� � /  . � � � 2 -8. # ' & 2�#@)��. , /+%�0  /���0�� 2 -(/ 2� # # � & 2 0nC # .  - # # # �,� # ,'& #� ��0�� 2 .n.-. #:2 " 2 H�� 2 �B# #<2 � #� � � /  % #  &6� # �$.B05��&(. � %�&  -;� 0 2 @)��. , / ��0�� 2� �/�%�% # .KC���0�.���������	���� � � �"!$#�!&%�!  �'!�(� �"��	��')�*�)�*�� ��+'�,!$��+�#�# �-%���!
	$�&.$+�!�/�!$#��&.$+�!�/�!$# �"��� �0#
]*% #� �  / 2� -8��&�� # / , &  / 2 � - # . #�, /+.�,'& # .,�& # , ��� #:2(2 / 2 � %*� # �80  � #�2 # # - #�F#�2 ��0 # .  2 / ��&(. # %  �G� 21� # &!�#�� 2� ��.�&(0�. # & 2 , �8-"w:% # - # � ( /+&G,'& # % � 2 /;. # ��0�.�� %*� /Y�80�� ,6# - # %*� 0 2 " 2 0 .k� 2 %�/�0 )�# /+& % # #�� # &(. % #& ��0 2 - # C/��.�0" # .,'& #  0 %*� � 2@,6# �  &(. N

%�/;. # %B/ ��0�� 2  &�0nC�/ 2 � # � x # � y -(� 2 #  � 2 �A- # &`� #�2 ��0 # .  ��#

x ∈ y ) 0 %*� �$#�.�0���&(. # H(0 2 /+0�. # - # y #�� 2 ��0 #�2 �A& 2 1 #�2 x * 0nw ,6#�� �  0���0�� 2
� 2 �/H���0 #�2 �t# # ,'& # % � � 2  ��&�$�/+0�� # .
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2 �B# #�� /+0�. #:,6#�2 �9%�&�0	,'&�� 0�%G@ /+&��K# $(��0  0�.B.�]*% #� � , U ,6# @ //#	0�% # - # C���0�.g,'&�� 0�%  � /���0��<-(& � %�& �� # ��0��>��.�-80 2 /+% ��� 2 % #�2 ��� #
0
.

09. #�2 � 2�E, /+0 2 � #�2 / 2 �3& 2 #:2��#�, H�% # E 'F& 2 & 2 0-,'& # �:%n� ,;#:2 �$� -80  � 2� E = {x} . E #�2 #���. #C#� � , & 2 09-;� & 2& 2 0-,'& # ��.�-8. # ,�&�0 #�2 #���. #C#� � & 2 H � 2 ��.�-8. # . E /�- ,6# �3& 2 & 2 04,'& # �# � ,6#�2 � 0 2 0���0B/+%  ��.�0-#��u,�&�0 #� � %*� #�2��#:, H(% #C�0B- # .`� # . # � . � �#�2 ��/ 2 �g,'& # % � � 2 C�/8# $(��0  0�.>-(/ 2� %B/8#	%B/ )�# - # E �# .�/C-8� 2 #4% #� 0 2 ��% # ��� 2 {0} = {∅} .��L� #� �>%�&(0�% #- # &`�80nw ,6#�� %�&  ��# ��0��A��.�-80 2 /+% �8� 2 % #32 � � # 1
.

��0 , /+0 2 � #�2 / 2 � E /7- # &`�D��%-� ,6#�2 �  � E = {x, y} � # � #� � , & 2 0G- # %�/7. # %�/���0�� 2 - # H � 2 ��.�-8. # -%�G" 2 0 #�� /+.
x < y

� % #� �# � ,6#�2 �  0 2 0���0B/+&`� - # E  � 2 � ∅ # � {x} .�� 2 . #�,�� %B/v# #C#:2� &�0�� # # $�/v#	& 2 - # # #� �# � ,6#:2 �  0 2 0���0B/+&%�
�
/�.A% # &(.�. #�� .�� �#:2 ��/ 2 �B.%]¢#	05-8� 2 #3% # . #�� . � �#�2 ��/ 2 �t# $(��0  0 -�/ 2� %�/E#�%�/ ��# - # E �# .�/ {0, 1} = {∅, {∅}} .`X ��C���0-#�0
% # ��.���0  0-w ,6# � %�&  � # ��0��A��.�-80 2 /+% �8� 2 % #32 ��� # 2

.
X �4� 2 #�� 2 ��0 2 & # /+0 2� 0*.-.n.
�(� ��.�-80 2 /+% n �# .�/+0�� /�%���.  % � #:2��#�, H�% # {0, 1, . . . , n− 1}  &(. % # ,'& # % � 2 / , 0  % # H � 2 ��.�-8. # /�&G,'& # % � 2 ��#:2��# .� # @ /�a�� 2 � %�&  �v� 2 ��.�/+% # ��& 2 ��.�-80 2 /+% 2 � #� �A/+&���. # ,'& # % � #:2��#�, H�% # - #� ��.�-80 2 /+&`� � %�&  ��# ��0��  ,'& # %�&(0*.
� # ,'&�� 0�%G� /7-;� 0 2 ���:. #�� / 2 �B�]#6� #� �I,'& # % #� � � ��.�/ ��0�� 2� #�%�/ � 0-,'& #� ,'& # % � � 2 ��# &��C0 , /���0 2(# .  &(.$% #� #	%B/ )�#�-;� �$,'&(0-C�/+% #�2 # # - # H�� 2� ��.�-8. #� �# ��.�/ 2�	� � �#:2 � ��.�w + 0 ,�� % #:,6#�2 �  &(. % #� ��.�-80 2 /+&`�;.b ��&��A-;� /6H ��.�-;�  0 E #� �>& 2F#:2��#:, H(% # H(0 #:2 ��.�-(� 2(2 � -;� ��.�-80 2 /+% α �(0�% #� �>%-� ��0���0 ,6# - #  � 0 2 � ��. #�)�# .g'C%�/+#�%�/ ��#C #�2 / 2 �;��&  � # / � . w  # # %�% # - # E ��0 # @)��. ,6# %�% #�,6#�2 �g'E%B/

�
%�& ���# ��0�� # #�%�/ ��# ,'&(0  ��0��  ��.�04#�� #�,6#�2 �  & � ��.�0 # &(. # 'u# # %�% #
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- # E . ]*%�%�&(0;#���.�. #�"� � 2 -6& 2 ��.�-80 2 /+% β . ]*% 2 � #� � � /  H�0 #:2 -80�jE#	0�% # - # C���0�.g,'& # -;� / � . w  %B/A#	� 2� ��.�&G#���0�� 2 ,'& # % � � 2/u@ /+0��$��%*� ��.�-80 2 /+% β  � # � � .�0 ,6#  0 ,�� % #:,;#:2 � � /�. β = α∪ {α} . β #� �>/�%���.  / ��� # %-��% � ��.�-80 2 /+%  &G#$# #�)�# &(.>- # α .`� 2��.�-80 2 /�%q,'&(0 #� � % #  &G#J# #�)�# &(.3-;� & 2 /+&���. #�#� � / � ��# %n��& 2 �+�  �� !����9� �#Z�Z�
 ����
��8� .�� 2 ��.�-80 2 /+% 2 � 2  &G#$# #���# &(. # �
2 � 2F2 &(% #� � / ��� # %-�3& 2 ���  +� ! ��� � � �;��� 
 .09. #�2 � 2�5, /+0 2 � #�2 / 2 �1& 2(# @ / , 0�%�% # (Ei)

- # H � 2� ��.�-8. #� 0 2 - # �"� # � /�.1& 2@
�!(��
 �6"���
 I . �4����� 2� αi % � ��.�-80 2 /�%�- #
Ei # �G0 2 ���:. #�� � 2� * 2 ��&  /+& � %�& ���# ��0��¯H � 2 ��.�-8. # ,'&(0 , /�����. #  0 , &(%���/ 2 � ,6#�2 ������&  % #� Ei �3# # ,'& # %*� � 2�� ��&(.�.�/+0��/
����# % # .3%�/H ��. 2(#  & � �:.�0 # &(. # - #� Ei . �4����� 2� E # # H � 2 ��.�-8. # . �(� ��.�-80 2 /+%1- # E #� �3%-' #:2 #	��. # / )�# !I@ /v#	0�% # '
-"�B#	.�0�. # ��0�%  � /&��0��  0 ,�� % #:,;#:2 �4- # %�/;. ��& 2 0�� 2 - #� αi #�� ,6,6# 0�% #� � #:2 #	��. # / )�# !�@ /v#�0�% # - #& � #�2 #	� 2 C /�0 2 #	. # .

� #:, /�. ,'& # !L,'& #�� ��&(.G%*� 0 2� ��/ 2 � 2 ��& ?2 � /�C�� 2� -8� 2(2 � /+&G#�& 2(# -"�G" 2 0���0�� 2 .�0 ����&(. # & �# . X 2D# _ # �$�"����/ 2 � -8� 2�2 �& 2 #:2��#�, H�% # ��� 2 #� �)'E# #  ��/�- # � %�&  ��& , ��0 2� 0 2 #�/ � /6H(% # - # -(0�. #  � 0�%  � /&��0���-;� & 2 ��.�-80 2 /�% ��&  0]# # 2 � #� � � / % # #�/  .�� #���#:2 -(/ 2 �B��0�% # �80  � # H(0 #:2 & 2(# @)��. , &(% # ,'&(0
��# . ,6# � - # @ /+0�. # # # %B/%.%0<%�&  � .��B#	0  � ,6#�2 � α #� �A& 2 ��.�-(0 2 /�%

 � 0�%;Cv�:.�0�" # % #� - # &`�#�� 2 -80���0�� 2�+ &(0-C�/ 2 � #� #
� . � � ���+!(� ���=� � ���
	 � ∀x∀y((x ∈ y) # � (y ∈ α))⇒ (x ∈ α)
� .>%�/;. # %B/ ��0�� 2 -;� / ��� /+.�� #�2 / 2 # #�#:2 ��. # % #� �:%n� ,6#�2 �  - # α #	� 2� ��0���& # & 2(# . # %B/ ��0�� 2 - # H � 2 ��.�-8. #� ��.�0-#��

� 2�# # $(� �# -;� 0 ,�� ��.,��/ 2 � # �$/ ��# !I@ /v#�0�% # '
�
.���&%C # . #� �5,'&�� 0�% 2 � # �80  � # � /  -;� #�2��#�, H(% # / �'/ 2 � � .��B#	0  � ,6#�2 �����&  % #� ��.�-80 2 /�&`� � ��&(.Ó�:%n� ,;#:2 �  .�� 2(# @ / a	� 2 - # % # C���0�. #� �<- # . #�, /+.�,'& # .q,'&�� & 2 � # % #�2��#�, H(% # �# .�/+0��5%�&(0�* , U ,6#& 2 ��.�-80 2 /+% � # �4-(� 2 # �# .�/+0��>& 2 �:%n� ,6#�2 �A- # %�&�0* , U ,6# .-.n._# # ,'&(0 2 � #� � � /  � � ) 0nH(% # /+&C�&@- # %B/�-"�," 2 0���0�� 2 .

 m  m l � y v
w u z � ku`x y v � r
N� 2 #� � , /+0 2 � #�2 / 2 � #:2 ,6#� &(. # - # #	� 2� ��.�&(0�. # # # � #�2��#�, H(% # N

-(� 2 � � 272 � /+.�.oU�� #
� /  - #�� /+.�% # .�- # � &(0   0%�� 2 � � #:,��� .��2� /��80�� ,;# - # %*� 0 2 " 2 0	,�& #A2 ��& 92 � /�C�� 2� � / 9#�2 #���. # &���0�%�0  �4/ ) &�. # % � # �80  � #:2 # # -;� & 2 ��.�-(0 2 /�% 2 � 2;2 &(%
# � 2 � 2# &_#J# #���# &�.$. �A��& >2 � /+%�%�� 2� � /  -"� , � 2 ��. # .K# # %B/%�8% # % # #�� # &(.  ��&G#�0 # &`� � ��&(.�.�/$% # @ /+0�. # � /�. %�&�0* , U ,6# .

X 2 �
/�.,��0-#�&(%�0 # .$�<-�� / � .�w  % #� � .�� � .�0-��� �  - #� ��.�-80 2 /+&%�X�<0�% # �80  � # & 2 �

%�& �� # ��0��F��.�-(0 2 /�% 2 � 2 2 &(% # � 2 � 2
 &G#J# #�)�# &(.B.��L� #� �&# # � #:2��#:, H(% # ,'& # % � � 2 / ��� # %�% # N

����&
�
%�& � ��&GC #�2 � ω .#]*%  � /���0�� � . �$#�0  � ,6#�2 �4- # %*� #�2��#�, H(% #- #� ��.�-80 2 /+&%�d" 2 0  � & 2 ���� �� ! �+�k\<!�� ����/ 2 � � /+.$-%�G" 2 0���0�� 2 & 2 ��.�-80 2 /+%  &G#J# #�)�# &(.3��& 2 &(% # �&� # %g,'& # ����&  % #���.�-80 2 /�&`�  ��.�0-#�� #�,6#:2 � � %�& �� # ��0��  ,'& # %�&(0  ��0 #:2 �t����/�% #:,;#:2 �  &G#$# #���# &(.  ��& 2 &�%  .�� #� ��.�-80 2 /+&`��" 2 0 � � 2 �4%B/��.�/�-8&G#���0�� 2 -�/ 2�>2 � ��. #E, �8-"w:% # - # � ( - #�A#�2 ��0 # . >2 / ��&(. # %  .


7/�0 2 � #:2 / 2 �  &�. N
� # �A-;� /�0�%�% # &(. � %�&  �/� 2 �:.�/�% #:,6#�2 �  &(. % #� ��.�-80 2 /+&`��� 2�� # &��t#�� 2� ��.�&(0�. # - #� � � �:.�/���0�� 2� �'  /�C���0�.�% � /�-(-80���0�� 2 # �F%B/ , &(%���0 � %�04#�/���0�� 2 . �?� ,6,6#�2 a�� 2��� /+.#	� 2� ��.�&(0�. # %*� /�-�-80���0�� 2 .20<. #:2 � 2� α # � β - # &`���.�-80 2 /�&`�;.%09. #�2 � 2� A �). #�	� . B �A& 27#:2��#:, H(% # H(0 #�2 ��.�-8� 2(2 �$-;� ��.�-80 2 /+% α �). #�	� . β � . ��&(.�%*� & 2 0�� 2 -(0  ����0 2 � # - #

A # � - # B ��� 2 � # &�� ,;# �,��. # & 2 H�� 2 ��.�-8. #32 / ��&(. # % #�-80�� /�C # #E% #�A, /�0 2� ��� 2 ,6# � -�� /vH���.�-@% #� ��%-� ,6#�2 �  - # A,'& # %*� � 2 #	%B/ )�# #	� ,6,;# 0�%  % #  � 2 �3-"�{�{' � &(0  � 2 .�/�����&�� # - # .�.�0nw:. # % #� �:%n� ,6#�2 �  - # B  / 2� #�2 #	��. # ����&G# $ # .5'
% � ��.�-(. # .�� # H � 2 ��.�-8. # %-' #� �>-(� 2(2 � � /+.G& 2 ��.�-80 2 /+% �Q#v� #� �K# # %�&(0�*Ô#�0	,'& # % � � 2 -"�G" 2 0��®#	� ,6,;# ����/ 2 �?%B/  � ,6,6# - #
α # �A- # β # �&,'& # %*� � 2@2 � � # α+ β

.
]*%/@ /+&��S@ /+0�. # / ��� #�2 ��0�� 2 't# # ,'& # # # ��� # � � �:.�/���0�� 232(#�� � � w:- #�� /  ����&�� #� % #� � .�� � .�0-��� �  ,'& # %*� � 2  ��&!$�/+0�� # .�/�0��B.� # �,� # /�-�-80���0�� 2 � /+. # � #�,�� % #;2 � #� � � /  #	� ,6, &���/���0-C # � � /+. # � #:,�� % # ω + 1 #� �3% #" &_#J# #���# &�.E- # ω � # � � %�& �/� 2 �:.�/�% #:,;#:2 � α+1 #� �%����&�����&�.  % #� &G#J# #�)�# &(.9- # α � , /�0  1+ω #� � ω �!.�b ��&�� # @)��0  ��%*� / ) �"#�0�/���0-C'0����/� # %�% # �+. #� � #C�/+%B/6H�% # .eb ��&!� # @)��0  ����/�% #:,;#:2 �$�  08% � � 2"�# . #� ��. # 0 2 �1/+&%�$��.�-80 2 /+&`�L" 2 0  �6# # �,� # � � ��.�/ ��0�� 2 @)��&(. 2 0��1& 2(# / ��� %�04#�/���0�� 2- # N
-(/ 2� N

��%*� /�-(-(0���0�� 2 �%,'&(0 # %�% # #� �tH�0 #:2 #�� ,6, &!��/ ��0nC # .
�1����� 2� , /+0 2 � #�2 / 2 �5%B/ , &(%���0 � %�0-#:/ ��0�� 2 . �?� ,6,6# � . �$#!� - #�,6,6#�2 �1� 2�� /�.,�9- # - # &`� #:2��#:, H(% #� H�0 #:2 ��.�-(� 2(2 � 

A # � B -;� ��.�-80 2 /+%G. #�	��# #���0n@ α # � β .Q� 2 . # ��/+.�- # # # #���&
�
*Ô#�0?% #�� .��8-8&(0�� A × B ,'& # %*� � 2 , & 2 0�� - # %*� ��.�-8. #% # �804#	�&��.�/ � $(04,'& #E#�2 -8� 2(2 / 2 � � .�0���.�0����$/�&`��:%n� ,6#�2 �  - # B . 1 &���. #�,6#�2 �E-80��B��% # #���&

�
% # (a, b) �# .�/  ��.�0-#�� #�,6#:2 �

�
%�& ���# ��0��),'& # % # #	��&

�
% # (a′, b′)  0 b < b′

��&  0 b = b′ # � a < a′
. � # #�0S@)��&(. 2 0���& 2 H � 2 ��.�-8. #& &(. % #�� .��8-8&(0��

A×B .%]*% %�&(0f#���.�. #�"� � 2 - & 2 ��.�-80 2 /+% �%#6� #� �A% # � .��8-8&(0�� α · β .
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�f' #�2 #���. # �+0�%G@ /�&��2@ /�0�. # /��,� #:2 ��0�� 2 /+&+@ /�0��K,'& # %B/ , &�%���0 � %�04#�/ ��0�� 2�2 � #� � � /  #	� ,6, &���/ ��0-C # .�X9%�% #�#� �G-80  ��.�0nH(&%*��0nC #  &(.1% � /�-(-80���0�� 2  0 ,�� % #:,;#:2 �<-;� & 2 �# &(%G#G& ���/.n.-.�� 2 %B/+0 )�#>#�26# � # . #�0-# # /+&6% # #�� # &(.<% #  ��0 2 - # ��.���&%C # .1% # ,'& # %"# *+� .b ��&�� # @)��0  #:2 #	��. #  0 % � � 2#�# . #� ��. # 0 2 �A/+&`� ��.�-80 2 /+&`��" 2 0  ��� 2 �vH���0 #:2 �4& 2(# / ��� %�0-#:/ ��0�� 2 - # N
-�/ 2� N

,'&(0 /�% #�H � 2(2�#� � .�� � .�0-�����  - # %�/ , &(%���0 � %�04#�/���0�� 2 ,'& # %*� � 2@, / 2 0 # - # � &(0 A2 ����. # � %�&  � #:2 -8. #3#�2 @ / 2 # # .� #� � .�� � .�0-�����  �v� 2 ��.�/+% #� - # # #� � � ��.�/ ��0�� 2� �# -%� , � 2 ��. #�2 � ��.��v# # /�& �
.�0 2 #�0 � # -;� 0 2 -(&G#���0�� 2 ,'& # % � � 2-"����/�0�%�% # .�/ -(/ 2� % #�� /�.�/&��.�/ � $ #  &(0-C�/ 2 �$.:� #��� .�� � .�0-��� �  C�/+%B/6H(% #� �# &(% #:,6#�2 � � ��&�.C% #� ��.�-80 2 /+&`� " 2 0  �# -"�,*

, � 2 ��. #:2 �B� # %�% #� � ��. �/# # /+& � .�0 2 #�0 � # - # .��B#	&(.�. #:2 # # �\,'&(0 #� �4& 2 #:/  � /+.���04#	&(%�0 # .�-8& � .�0 2 #�0 � # -;� 0 2 -8&G#���0�� 2 �L,'& #
2 ��&  � 2 � 2 a�� 2� ����&��4- #& &(0�� # .����0��

F (x)
& 2(# @)��. , &(% #�� � � �:-�/ 2 � & 2(# C /�.�0B/6H�% # %�0-H(. # .!��0 F (0) #� �5C'.�/+0 #;# �  0 � ��&�. ����&!�E��.�-(0 2 /�%6" 2 0 n �

F (n)
0 ,�� %�0-,'& # F (n+ 1)

�(/�%���.  %B/8@)��. , &(% # ∀n ∈ N, F (n) #� �®����/+% #�,6#:2 �®C�.�/+0 # .� 2�# / ��� %�04#�/���0�� 2 � %�&  ��& , ��0 2� -80�. # #�� # # � #�2 #	��. # %�/�0 ) � # /+&@% # #�� # &�.4- # # # � .�0 2 #�0 � # - # . �$#�&(.�. #:2 # #E#� �4%B/-"� , � 2� ��.�/ ��0�� 2 - # %B/ � .�� � .�0n������� 2 � 2 #!� # -�/ 2� % #�� /+.�/���.�/ � $ # � . � . � .
 m  m� � z xov� x��Lr �>q[xov���� ku%x y v

� # � .�0 2 #	0 ��# -;� 0 2 -8&G#���0�� 2 -80��A%�/+# $(� �#  &�0nC�/ 2 � # .#����0�� F (x)
& 2(# @)��. , &(% # ';& 2(# C�/+.�0�/vH(% # %�0nH(. # .)� 2  & ��� � �#,'& # #

∀α ��.�-80 2 /�% (∀β ��.�-80 2 /+% < α, F (β))⇒ F (α)
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+ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇

0̇ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇

1̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇ 0̇

2̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇ 0̇ 1̇

3̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇ 0̇ 1̇ 2̇

4̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇ 0̇ 1̇ 2̇ 3̇

5̇ 5̇ 6̇ 7̇ 8̇ 9̇ 0̇ 1̇ 2̇ 3̇ 4̇

6̇ 6̇ 7̇ 8̇ 9̇ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇

7̇ 7̇ 8̇ 9̇ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇

8̇ 8̇ 9̇ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇

9̇ 9̇ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇

× 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇

0̇ 0̇ 0̇ 0̇ 0̇ 0̇ 0̇ 0̇ 0̇ 0̇ 0̇

1̇ 0̇ 1̇ 2̇ 3̇ 4̇ 5̇ 6̇ 7̇ 8̇ 9̇

2̇ 0̇ 2̇ 4̇ 6̇ 8̇ 0̇ 2̇ 4̇ 6̇ 8̇

3̇ 0̇ 3̇ 6̇ 9̇ 2̇ 5̇ 8̇ 1̇ 4̇ 7̇

4̇ 0̇ 4̇ 8̇ 2̇ 6̇ 0̇ 4̇ 8̇ 2̇ 6̇

5̇ 0̇ 5̇ 0̇ 5̇ 0̇ 5̇ 0̇ 5̇ 0̇ 5̇

6̇ 0̇ 6̇ 2̇ 8̇ 4̇ 0̇ 6̇ 2̇ 8̇ 4̇

7̇ 0̇ 7̇ 4̇ 1̇ 8̇ 5̇ 2̇ 9̇ 6̇ 3̇

8̇ 0̇ 8̇ 6̇ 4̇ 2̇ 0̇ 8̇ 6̇ 4̇ 2̇

9̇ 0̇ 9̇ 8̇ 7̇ 6̇ 5̇ 4̇ 3̇ 2̇ 1̇
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2 + . . .+ ain

i + . . .

~h;èY3]_@B.:Y}sxXq]^\?.0;q/IX?;932xX[9ëV?Y1]7@r68]7YI93]_@rVq/ësGX?]le8.B\?]7Y1;?6Af_Y3]l/320@r@r]�`_4jY16A93]l]_/{9ë]7;Y3`c.:e86Â91`&_q;?68]�V?X?6t/3sGX?]�et.
/3X?6A93]

(ai)
]c/R9(;5X?e8eA]�v�Vq.0Y{916AY(\P, X?;è4j]7Y391.06A;p@r20@r]7;G9_�?+ .r/{X?6A93]

(ai)
]_/{9ë.:V?V	]7e8`7]let. F ��Y
���D	���W��EL����� ��� �
K���

n
\?]

ew, ]_;G9368]7Y
a
�

qÈ20X?Yd\[`7@r2x;x91Y3]_Y!4j]ë93C?`_20Y1f7@r]0kx6Ae�/7, .:ux6Â9d/{68@rV?eA]_@r]7;G9b\[]>mn.:68Y3]>\?]_/!\?6Ag56t/{6820;q/!]7Xq47eA6t\[68]7;?;q]_/_� q-e8Xq/bV?Y3`c4j6t/{`_@r]7;G9
et.=\[]_Y3;?68f7Y1]W4j2x;q\[6A936820; ;q20Xq/h\[6Â9lsGX?]

a0 F ����E��793Y1]We8]¡Y1]_/{93]¡\[]¡e8.=\?6Ag56t/{6820; ]_Xq4je86t\[6A]_;?;?]¡\?] a Vq.:Y n k	e8]zsGX?2:916A]_;G9\[]�47]j9{91]W\[68gG6t/36A2x;/3]7Y}.
a1 + a2n+ . . .+ ain

i−1 + . . .
�

qÈ20X?Y^\[`j91]7Y1@r6A;?]_Y>et.=\[`c4j20@rV	2x/36Â916A2x; \[]
a
]7; Za.0/3]

n
ka2x; 4j20@r@r]7;a4j]¡\[2x;q4�Vq.0Y>]�l	]c4í93Xq]7Y^e8.=\?6Ag56t/{6820;Ì]_Xq4je86��

\[68]7;q;?]�\[]
a
Vq.0Y

n
�?+U]^Y1]_/{93]^m 2xX?Y3;q6Â9ë.:e820Y}/de , `7e8`7@r]_;x9

a0
���hXq.:;G9(.:XèsGX?2:916A]_;x9ckq/1.z\[`c4j2x@�V	2x/36A936820;]7;Zq.0/3]

n
gL.

m 2xX?Y3;q6AYheA]c/>.:X?93Y1]_/(91]7Y1@r]_/>\?]¡et.�/3X?6Â91]0��~h; \[`_4720@rV	2x/3]¡\[20;a4¡4j]zsxXq2:9368]7;G9^]7; Zq.x/{]
n
]j9hV	20XqYh4j]_e8.�20;Ì]�l	]c4í93Xq]

et.Ì\[68gG6t/36A2x;�]_Xq4je86t\[6A]_;?;?]=\[]p4j]7e8X?6��±476-Vq.0Y
n
�U+�]BY1]_/{93]=\?]�4j]79{93]=\?6Ag56t/{6820;�gL.Ì]7;�mn.06Â9Wm 2xX?Y1;?6AY

a1
]79¡20; 4720;G9368;5X?]

]_;q/{Xq6Â91]l.ogx]_4heA]�;q20X?gx]_.:XsGX?2:916A]_;x9ë2xZ[93]_;5X��
qÈ20X?Y(VqY32xX?g0]_Y
_q;a.:e8]7@r]7;G9ëe8]h91C?`72xY3f_@r]0k[68e�/7, .:ux6Â9ë\[]lg02x6AYësGX?]�47]7et.�/_, .:Y1Y��793]>]_;èX?;è;?20@zZ?Y3] _q;?6 \[]�\[6Ag56t/{6820;a/

]_Xq4je868\?6A]_;?;?]_/_kx40, ]c/R9��±v��±\?6AY1]ësGX�, .0XBZa2xX[9d\�, X?;�@�2x@r]7;G9b2x;r9320@zZa]^/{XqY!X?;�sGX?209368]7;G9!;5X?ew���É.:6t/!/36qe8]hsGX?2:916A]_;G9!;�, ]_/{9
Vq.x/d;GXqe k[68ePgL.z\[`c4jY12Lyt93Y1]^/{93Y16t4í93]_@r]7;G9(V?X?6t/3sGX?]lew, 2x;p\[68g568/3]lVq.:YIX?;;?20@zZ?Y1]hV?e8Xq/IuxY1.0;q\=2xX�`7uG.:ePv

2
�a~h;è4j20;a4je8X[9

.0eA2xY1/d]7;è\[6t/3.0;G9(sGX?]l9120X[91]W/{Xq6Â91]l/{93Y16t4í93]_@r]7;G9>\[`_47Y32x68/1/1.:;G93]^\P, ]_;G9368]7Y}/I;q.L91X?Y3]_e8/(/_, .:Y1Y��793]hm 20Y}4j`7@r]_;x9c�
q-Y1`_/3]7;G932x;q/Èe8]_/-4_.:et4jX?et/-/3X?Y-X?;r]j|[]_@�VqeA]x���5X?VqVa2G/{2x;q/�sGX?](e , 20;Bgx]7X?68e8eA]ë\[`793]_Y3@r68;?]7Y�et.�\[`_4720@rV	2x/36Â916A2x;�]_;rZq.0/3]

7
\[]

125487
�[~h;è]�l	]c4í93Xq]W.:e820Y}/d/3Xq4_4j]_/1/36Agx]7@r]7;G9IeA]c/(\[6Ag56t/{6820;a/I]7Xq47eA6t\[68]7;?;?]c/<%

125487 = 7× 17926 + 5

17926 = 7× 2560 + 6

2560 = 7× 365 + 5

365 = 7× 52 + 1

52 = 7× 7 + 3

7 = 7× 1 + 0

1 = 7× 0 + 1

~h;g0206A9ë.:68;q/36UsGX?]+%
125487 = 5 + 6 · 7 + 5 · 72 + 1 · 73 + 3 · 74 + 0 · 75 + 1 · 76

~h;`_47Y36A9(Vq.:Y3m 206t/(4j]_e8.r/320Xq/det.�m 20Y1@�]
125487 = 10315657

�



ó_ô�� �������
	�������������������������� ���	���� �"! ��	�#����

H@I c@I�� � � h RG�Si T[��T?�R�
i jë�
Z/nZ

`³eÈ/7, .:ux6Â9>]7|?.04í91]7@r]7;G9l\[]¡et.=@ �7@r]�4}C?2x/3]¡sGX?]z47]7e8eA]�sGX?6¤.�`j91`¡V?Y1`_/3]7;G93`_]¡\?.0;q/ëet.=V?Y1]7@r68f7Y1]WVq.0Y{916A]�/3.0X[m!sGX?]
ew, 2x;pY1]7@rV?et.047]

10
Va.:Y(X?;è]7;G916A]_Y

n > 2
sGX?]_e84720;qsGX?]x�

q-e8Xq/lV?Y1`_4768/3`7@r]7;G9�/{6
a
]c/R9�X?;�4}C?6pl	Y1]�\?]�et.pZq.0/3]

n
k�40, ]c/R9��±v��±\?6AY1]¡X?;�]7;G916A]_Yl4720@rV?Y168/^]_;x91Y3]

0
]j9
n − 1

kP2x;
;?2093]

ȧ
X?; ]7;G916A]_Y�;a.L93XqY3]_e(;q.L91X?Y3]_eësGX?]7et4j2x;qsGX?]Ì/{]93]_Y3@r68;q.:;G9BVq.0Y

a
]7; Zq.0/3]

n
� $¡, .:VqY3fc/B4j]ÌsGX?]èe , 20; .�\[6Â9

V?Y1`_47`_\[]_@r@�]_;G9_kG6Ae�/7, .:ux6Â9I\[20;a4>\P, X?;�]_;G9368]7YI\[20;G9be8]^Y3]c/R91]h\[]he8.z\[6Ag56t/{6820;�]7Xq47eA6t\[68]7;?;?]^Vq.0Y
n
]c/R9dV?Y3`c4j6t/{`_@r]7;G9

a � �+!, ]_;q/{]_@¡Z?e8]
Z/nZ

]c/R9>.0eA2xY1/&%
Z/nZ =

{
0̇, 1̇, . . . , n− 1

}

+Uv�]7;q4720Y1]¡/3X?Yhew, ]7;q/3]7@zZ?eA]
Z/nZ

k	20; V	]7X[9�\[`�_q;?68YhX?;q]�.x\?\[6A936820; ]79hX?;?]�@¡XqeÂ916AV?e86t47.L916A2x;P%	Va2xX?Y^4_.:et4jX?e8]7YheA]
\[]_Y3;q6A]_Yë4}C?6ml�Y1]¡\P, X?;?]¡/320@r@r]�20XÌ\P, X?;ÌV?Y12[\[X?6A9_kq2x;è;�, .=]7;q4720Y1]^Z	]_/32068; sGX?]W\[]c/>\[]_Y3;?68]7Y}/(4}C?6pl	Y1]_/>\[]_/>;?20@zZ?Y3]c/
sGX?]lew, 2x;/320X?Ca.:6A93]�.0\?\?6Â916A2x;?;?]7Y(2xXp@zX?eA9368V?eA68]7Yc�

H@I c@I�� � �
i��!� O �Si V �SR
~h;B\[6A9bsGX?]ë\[]7X?|z]7;G916A]_Y1/�;a.L93XqY3]_e8/

a
]79
b
/{2x;G9�4720;?uxY3Xa/È@�2[\[XqeA2

n
/7, 68e8/-/3]I93]_Y3@r68;?]7;G9-Vq.0Y-e8]ë4}C?6ml�Y1](eA2xY1/1sGX�, 68et/

/320;G9�`_47Y36A91/�]_;rZq.0/3]
n
�G~h;rVa]_X[9!ux`7;?`_Y1.0eA6t/{]_Y¤.0X[|z]_;G9368]7Y}/�Y3]_e8.:936Amn/È]7;=\[6t/1.:;G9-sxXq]ë\[]7X[|r]7;G916A]_Y1/ÈY1]7et.L916Âmn/

a
]j9
b
/{2x;G9

4720;?uxY3Xq/U@r25\?X?eA2
n
/_, 6Aet/¤20;G9¤@ �_@�]IY1]_/{93]I\?.:;a/ et.^\[6Ag56t/{6820;z]7Xq47eA6t\[68]7;?;q]dVa.:Y

n
� s-;¡mn.06Â9ckL20;zV?Y3`7m f7Y1]b47e8.x/3/368sGX?]_@r]7;G9

V?Y1]7;a\[Y3]ret.Ì\[`B_a;?6Â916A2x; /{X?68gL.:;G93]BV	]7X?9 � �j93Y1]B@r2068;q/�g56t/{X?]_eAe8]B@B.:6t/WsGX?6!.èew, .ogL.0;x9}.:ux]z;?2x;�;?`7uxeA68u0]c.:Z?e8]B\[]B;?]BVq.x/
X[916Ae86t/{]_Yë\[]�;?2:916A2x;q/(4j2x@rV?eA6tsGX?`7]c/d]j9>sGX?6�]c/R9ë.:68;q/36�V?e8Xq/dmn.0476Ae8]7@r]_;x9ë@B.0;?68.0Z?e8]�%
	 5�
�������6�� ='?V@'?�� ?�A ? C ��������E

a
��E
b F ��G�Ha����EL������d�
����KTE�� M
 R�� � F ��ED^�G�� a ��E

b
����BE>4j2x;?u0Y1Xq/ �>� F GX��� n � ��E#�������E1�

a ≡ b (mod n)
`IW�

n F ���P�V��_��K F � bc���J��� Y�� a− b R

+�]c/�V?Y120V?Y168`j93`c/lsxXq6!\[6t/{]_;x9¡sGX?]Be8]B\[]7Y1;?68]7YW4}C?6pl�Y3]=\P, X?;?]=/320@r@r]B20X�\P, X?;�V?Y125\?X?6Â9¡/3]=47.0e847X?e8]r/368@�VqeA]_@�]_;G9
]_; X[9368eA6t/1.:;G9�e8]_/=\[]_Y3;q6A]_Y1/=4}Cq6ml�Y3]c/�\[]c/B91]7Y1@�]c/B20X \?]_/Bmn.x4í91]7X?Y}/=/3] Y3]793Y}.0\[Xq68/3]7;G9�\[68Y3]c4í91]7@r]7;G9�]_; 93]7Y1@r]_/=\?]
4720;?uxY3X?]_;q4j]x�tq-eAXa/(V?Y1`_4j6t/3`7@r]7;G9_k[2x;.�et.�V?Y32xV?Y16A`793`�/{Xq6AgL.:;G91]�%
3)4,576�8�97:<; =%?�@%?��[?�@%?)C �

a
N
a′
N
b
��E
b′
�����E F ��_���BE������� �
����KTE�� M
 E1���e)^�G�� a ≡ a′ (mod n)

��E
b ≡ b′ (mod n)

N
KT������ 

a+ b ≡ a′ + b′ (mod n)

ab ≡ a′b′ (mod n)

�ë2xXq/^.:e8eA2x;q/>\[`_@r20;G93Y1]7Y>47]W91C?`72xY3f_@�]x�uq�.:YhC5iGV	2:91C?f_/3]
n
\?6Ag56t/{]

a − a′ ]j9 b − b′ k	6AeÈ\[68g568/3]z\[2x;q4�et.�/320@r@r]
(a− a′) + (b− b′) = (a+ b)− (a′ + b′)

k?4j]WsGX?6�/368u0;?6p_q]�]j|?.x4í93]_@r]7;G9ësxXq]�%

a+ b ≡ a′ + b′ (mod n)

qÈ20X?Y(et.�@¡X?eA9368V?e8684_.L916A2x;�k?20;`_47Y36A9
a′ = a+ kn

]j9
b′ = b+ ln

�?<>6A;q/36L%

a′b′ = ab+ n (kb+ al + knl)

]79(\?20;q4&_q;a.:e8]7@r]7;G9<%
ab ≡ a′b′ (mod n)

���������! "��#%$&��')(�* �,+-�-�-��./#%0)(/�1(/243/3/��#)./3506��3/07 �#68�9�+-07�:'7�,;4#%8��,<��-�>=?9@�BAC.�* ��06')�-�D(/��#%3/+-��#79FE/+ GH#6�B(�* ./3I��3C'6+-��#73/8�;J�K'6+ L6M
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H@IL�@IMJ
ẋ + ȧ = ḃ[ 20@r@r]B\?.:;a/he8]B47.x/

n = 10
k�6Ae�]c/R9lmn.0476Ae8]B\[]B4j2x;q/R9}.L93]_Y^sGX?]�9120X[9�;?2x@¡Z?Y1]�.x\[@r]j9�X?;�20V?V	2x/3`0� qÈ20XqYl47]7et.?k

68e�/{Xonr9W\[]�V?Y120X?gx]7YlsxXq]�/36
a
]_/{9^X?;�]7;G916A]_Y_k�Y1]7et.L936AmRk�6Ae�]7|[68/{93]z932xXL�R20X?Y}/

a′
93]7e-sGX?]

a + a′ ≡ 0 (mod n)
� rd6A]_;

]_;x91]7;q\?X�k[6Ae /{Xonr9>\[]�VqY3]_;q\[Y1]
a′ = −a �[ ]7et./{68u0;?6p_q]�sxXq]zew, 2x;ÉV	]7X[9�Vq.x/3/3]7YheA]c/^`7e8`7@r]7;G91/l\[]�ew, .0X[93Y1]z4�a:93`r\[]�e , `7uG.:e86Â91`¡]_;E4}Cq.0;?u0]c.:;G9he8]�/368u0;?]zZ?6A]_;

/��?Yck?4j20@r@r]l20;eA]lmn.06Â9>47e8.x/3/36tsxXq]7@r]7;G9IVa2xX?Y(Y3`c/{2xXq\[Y1]^47]_/(`csGXq.L916A2x;q/7�
H@IL�@Idc

ȧẋ = ḃ
`R4j6wkq\[`{�{vB\?.:;a/IeA]W4_.0/

n = 10
k[20;Ì.rg5XÌsGX?]�4j]�;�, `j91.06Â9ëVa.0/I9120XL�R2xX?Y1/IV	2x/1/36AZ?e8]W\[] F ��� �V����í�B�ë2xXq/ë.0eAe820;q/(\q.:;q/47]¡4}Cq.:Vq6Â91Y3]W\[2x;?;?]_Y>X?; 47Y36A93f_Y3]¡sGX?6 ]j|[V?e868sGX?]¡eA2xY1/1sGX?]�e , 20; .=eA]¡\?Y32x6Â9h\?]¡\[68gG6t/3]7Y>]79hsGX?6¤]j|[V?e868sGX?]¡47]¡sGX?]Wew, 2x; .

sGXq.0;q\�@ �_@r](eA]>\?Y32x6Â9!\[]ëmn.:68Y3]ë/36q4j](;U, ]c/R9!Va.0/�e8]>47.x/7� qÈ2xX?Y!4j]_e8.qk:;?2xXq/-.:XqY32x;q/ÈZa]c/{2x6A;=\?]Imn.:68Y3]ësGX?]_e8sGX?]c/�Y1.0V?V	]7et/
/3X?Y(e8]^VqeAXq/ëu0Y}.:;q\p\[6Ag56t/{]_X?Yë4j2x@r@¡X?; D��
	����Tj�
� 6 � ��6 ��� ; ��	���
	 5�
�������6�� ='?��[?V@'?�A ? C ��������E

a
��E
b F ��G�H ����EL������!����� E\�TG7 ���� F ��G�H ��GX�] R�� ����	��� F � a ��E

b � � �TE\��
	���
(a, b)

`>���#	 �eG7 � �JK�� FOF �� F ���P�V���GX�� Y�� � � GX� �
a
��E �

b R
^(]_@r.0Y1sGX?2x;q/lsGX�, 68e�;�, iÉ.Vq.0/l\[]BVqY32xZ?eAf_@r]_/l.og0]c4¡4j]79{91]=\[`B_q;q6Â916A2x;�%Pew, ]_;q/3]7@¡ZqeA]B\[]c/l]7;G9368]7Y}/�\[68gG6t/1.:;G9lvet.

m 2x68/
a
]j9
b
]c/R9�_q;?6wkÈ6AeI]7; ]j|[6t/R91]�Z?68]7; \[2x;q4=X?; V?e8Xq/�u0Y}.:;q\���^(]_@B.:Y}sxXq20;q/z`7uG.:e8]7@r]7;G9zet.É4}Cq2x/3]p/3X?6AgL.0;x91]0� �56

d =
��	���

(a, b)
k?20;è.z9320X:�R20X?Y}/Ie , `_sGX?68gL.:e8]7;q47]�/{X?68gL.:;G93]+%

x
\[68gG6t/3]

d ⇔ x
\[68g568/3]

a
]j9
x
\[68g568/3]

b

�ë;q]ë.:X[91Y3]dmn. \720;�\[](V?Y1`_/3]7;G93]_Y¤e8]���	���p\?]
a
]j9!\[]

b
k:/36

b 6= 0
\[6t/{2x;q/7kL]c/R9-\[](\[68Y1]IsGX�, 68eq/7, .:ux6Â9-\[X�V?e8Xq/�uxY1.0;q\

]_;x916A]_YlVq.:Y^eA]csGX?]7e�2x;ÉV	]7X[9W/36A@rV?e86m_a]7Y�et.=m Y}.04j936820; a
b

� s!;EVq.0Y{916847X?e86A]_Y_kP\[68Y3]rsGX?]B4j]79{93]�m Y}.04j936820; ]c/R9�68Y3Y1`_\[Xa4í9368Z?e8]
40, ]c/R9>]7|?.04í91]7@r]7;G9l\[6AY1]¡sGX?]���	���

(a, b) = 1
�P~h;É\[6A9^\?.0;q/^4j]¡4_.0/>sGX?]zeA]c/>]_;G9368]7Y}/

a
]j9
b
/320;G9#	��J� � ������I����EL�J�

��G�Hx�
�ë;q]W4}C?2x/3]l6A;G93`_Y3]c/3/1.:;G91]^]c/R9>sGX?]�e8]W47.0e847X?eU\[X��
	����V	]7X[9h/3]^mn.:68Y3]W/368@�VqeA]_@�]_;G9ë]j9>\[]�mn.U\j2x;/3i[/R91`7@B.L9168sGX?]x�qÈ20XqYh4j]_e8.qka2x;É.:VqV?eA6tsGX?]z47]zsGX?]�e , 20;E.:V?V	]7e8eA]�4j2xX?Y1.0@r@�]_;G9>e ,�K�� � �T�W��E�� �I� F'Z � G�Y��e� F �7�¤~h;É4720@r@r]7;q47]¡Vq.0Yh`c4jY16AY1]

a
]79
b
ew, X?;Ìv�4�a:91`l\?]�e , .:X[91Y3]l]_;@r]79{91.0;G9ëeA]�V?e8Xq/IuxY1.0;q\p\?]_/(\[]_X[|v�ux.0Xq4}C?]! L�	~h;è]Bl�]_4j93X?]�]_;q/3X?6Â91]�e8.r\[68g568/36820;

]_Xq4je868\?6A]_;?;?]ë\[XB\[]_Y3;?68]7Y�;q20@¡ZqY3]d`_47Y36A9!.og0]c4b47]7e8X?6qsGX?6?e8](V?Y1`_4jfc\[]I]j9-2x;z68;q/14jY16Â9-e8]IY3]c/R91]ë\[](4j]j9393]ë\[68g568/36820;Bvl\[Y32x6Â91]
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\[`c/{68u0;q]7;G9hY1]_/3Va]c4í916Agx]7@r]7;G9he8]zsGX?209368]7;G9h]79^e8]¡Y1]_/{93]�\[]¡et.�\?6Ag56t/{6820; ]_Xq4je86t\[6A]_;?;?]r\[]

rn−2
Vq.0Y

rn−1
�

�Ì20;G93Y1]7Y(sGX?]�V	20X?YI9120X[9
n
k
rn = aun + bvn

� s-;Ì\[`c\[X?68Y3]le8]l93C?`_20Y1f7@r]�/{Xq6AgL.:;G9<%
3)4 576B8�9 : ; =%?��[?��'?�A � 3)4,576�8�97:<;��,;�� 5	��6 � � � ?IC ����E

d =
��	���

(a, b) R,S ������ ��� �
HQ�V�E1� F �� ����EL������ u��E
v
E1���e)^�G��

au+ bv = d R
���������������

� � �ë20Xa/¡.:e8e820;q/l]_;�mn.:6A9¡V?Y120X?gx]7Y¡sGX?]Be8]_/z\[6Ag56t/{]_X?Y}/W4j2x@�@zX?;q/Wv
a
]j9
b
/320;G9W]7|[.x4í91]7@r]7;G9¡e8]_/�@ �_@�]c/¡sGX?]=e8]_/

\[68g568/3]7XqY1/^4j2x@�@zX?;q/lv
b
]j9
r
� q-Y3]_;?20;a/hV	20XqYl47]7et.p\q.:;q/^X?;EV?Y3]_@r6A]_Yh91]7@rVq/

d
X?;�\[6Ag56t/{]_X?Y�4j2x@�@zX?;Ev

a
]j9
b
k

.0eA2xY1/
d
\[68g568/3]�Zq6A]_; ]7;G93]_;q\[X

b
]j9
r = a − bq ��^(`c4j68V?Y125sGX?]_@r]7;G9�/36 d \[68gG6t/3]pv et.Ìm 2x68/ b ]79 r kÈ6AeI\[68g568/3] b ]79

a = bq + r
� [ ]_e8.�V?Y120X?gx]hew, `7ux.0eA6A93`+%

��	���
(a, b) =

��	���
(b, r)

`³e�Y1]_/{93]B\[]7X?|E4}C?2x/3]_/lvpmn.:68Y1]zV	20X?Y�VqY32xX?g0]_Y^sGX?]Bew, .0eAux20Y16Â91C?@r]Wm 2x;q4í916A2x;?;?]=4j2xY3Y1]_4j93]_@�]_;G9_k�4:, ]_/{9�\�, X?;q]BVq.:Y39
V?Y120Xqg0]7YlsGX?] ��	���

(0, x) = x
V	20XqYl9320X?9l]_;G9368]7YW/{93Y1684í91]7@r]7;G9�V	2x/36Â916Âm

x
]j9W\P, .:X[91Y3]�Vq.:Y39�V?Y120X?gx]7YlsxXq]�ew, 20;�go.

Z?68]7;p932x@¡Z	]7Y>/3X?Y(X?;Y1]_/{93]l;5X?eU.:XZ	20X[9>\P, X?;è;?2x@¡Z?Y1]&_q;?6U\P, `j9}.:V	]_/_�
qÈ20X?Yret.ÉVqY3]_@�68f7Y1]p4}Cq2x/3]0k¤6Aeë/3Xonr9=\[]pY1]7@B.0Y1sGX?]_Yz/36I9320X?9�;?2x@¡Z?Y1]]_/{9�X?; \[68gG6t/3]7X?YB\[]

0
D 47.0Y

0
]_/{9�Zq6A]_;

@zX?eÂ916AVqeA]^\[](932xX[9b;q20@¡ZqY3]oTí�x<>6A;a/{6	Vq.:Yb\[`B_q;q6Â916A2x; ��	���
(0, x)

]_/{9!eA]hV?e8Xq/!uxY1.0;q\r\[68gG6t/3]7X?Yd\[]
x
k[40, ]c/R9b\?20;q4(Zq6A]_;

x
�
+U.z\[]7X?|568f7@r]^4}C?2x/3]>;�, ]_/{9bVa.0/d\[6mn=476Ae8]h;q20;=V?e8Xq/_k56Ae�/{X n�9(\[]^Y3]_@B.:Y}sxXq]7Y!sGX?]he8.z/{X?6A93]l\[]c/!;?2x@¡Z?Y1]_/bsGX?]hew, 20;

`c4jY16Â9(]_/{9ë/R91Y36t4í91]7@r]7;G9>\[`c4jY1206t/3/1.:;G91]0�ts-e8eA]W\[2x6Â9ë\[2x;q4�/_, .0Y3Y �j91]7YdX?;��R20X?Yc�

 ; : � 8 � � ; %q~h;=Va]_X[9I]7;=mn.06Â9I\[20;q;?]7YI\[]^Za2x;?;?]_/b@B.L�R2xY1.:936820;q/-/3X?YdeA]^;?2x@¡Z?Y1]>\[]l\[68gG6t/36A2x;q/!]_Xq4je86t\[6A]_;?;?]c/bsGX�, 6Ae
gL.zmn.:e8eA2x6AYëmn.:68Y3]�.ogL.:;G9ë\[]l93Y120Xqg0]7Y(e8]"��	����Y3]c4}C?]7Y}4}C?`x�?~h;èV	]7X[9h@�2x;G93Y1]7Y(Vq.0Y(]j|[]7@rV?e8]WsGX?]W/{6

(Fn)
\[`_/368u0;?]�et.

/3X?6A93]�\[]��¤6AZ	20;a.047476�\[`B_a;?6A]�Va.:Y<%

F0 = 0 ; F1 = 1 ; Fn+2 = Fn+1 + Fn

.0eA2xY1/(e8]¡;q20@¡ZqY3]¡\?]�\[68g568/36820;q/>]7Xq47eA6t\[68]7;?;?]c/hv=mn.:68Y3]¡]_/{9hV?e8Xq/hVa]7936A9�sGX?]zeA]zV?e8Xq/>V	]j916Â9l]7;G916A]_Y
n
91]7eÈsxXq]

Fn−1 >

min {a, b}

 � ~h;pVqY32xX?g0]�4j]_e8.�Vq.0Y(Y3`c4jX?Y1Y1]7;q47]0�tqÈ20X?Y(e8]_/ë\?]7X[|�VqY3]_@�68f7Y1]_/I`791.0Va]c/7k?2x;pgx`7Y16m_a]l\?6AY1]_4j93]7@r]_;x9ësGX?]�et.�Y3]_e8.:936820;
]c/R9ëg5Y}.:68]0�o`³e /3Xonr9h\[2x;q4�\[]�@r20;G91Y3]_Y(e , C?`7Y1`_\?6Â91`0ka40, ]c/R9��±v��±\?6AY1]^sGX?]z/{2xXq/IeA]c/(C5i5Va2093C?fc/{]c/

rn−2 = aun−2 + bvn−2]79
rn−1 = aun−1 + bvn−1

k?2x;.
rn = aun + bvn

�
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^ë.0V?Va]_eA2x;q/IV	20X?Yë47]7et.�sGX?]�ew, 20;è.ze8]_/ë`7ux.0eA6A93`c/&%

rn−2 = qnrn−1 + rn

un = un−2 − qnun−1

vn = vn−2 − qnvn−1

~h;è47.:et4jXqeA]�\[2x;q4+%

aun + bvn = a (un−2 − qnun−1) + b (vn−2 − qnvn−1)

= (aun−2 + bvn−2)− qn (aun−1 + bvn−1)

= rn−2 − qnrn−1 = rn

47]lsGX?6UVa]_Y3@r]j9ë\[]W4720;q47eAXqY3]x�
s-;ÌY1]7uG.:Y}\?.:;G9(e , `j9}.:V	]WV?Y1`_47`_\[]_;x9ëe8]�V?Y1]7@r68]7YëY1]_/{93]�;5X?ewkq2x; \[`_\[Xq6Â9h\?]We , `7uG.:e86Â91`�V?Y1`_4j`c\[]7;G91]�eA]l91C?`72xY3f_@�]W\?]rd`��_20X[9c�


 ; : � 8 � � ; % [ ]7et.ÉV	]7Y1@r]j9Be820Y}/3sGX?]
a
]c/R9BV?Y1]7@r68]7Yr.og0]c4

n
\[]Ì4_.:et4jX?e8]7Y�X?; 6A;5g0]_Y1/3]p\?]

ȧ
\?.0;q/

Z/nZ
�Lq-e8Xq/

V?Y1`_4768/3`7@r]_;x9!.ogx]_4Iet.�@r`j91C?2[\[]>V?Y1`_47`_\[]_;G93]0kx20;=\[`793]_Y3@r68;?]
u
]j9
v
93]7et/dsxXq]

au+ vn = 1
kxew, 68;5g0]_Y1/3]ë\[]

ȧ
]_/{9b.0eA20Y}/

u̇
�

��� 8@9�C A�C 8 �

~h;�4720;q/368\?f7Y1]h\?.0;q/b47]j9I]j|[]7Y}4j6t4j]h\[]7X[|=]_;G9368]7Y}/
n
]79
m
/{XqVa`_Y368]7X?Y}/b20X=`_ux.:X?|Bv

2
]j9IV?Y1]7@r68]7Y}/-]7;G91Y3]h]7X[|P�q~h;

\[`�_q;?6A9ëe , .:VqV?eA6t47.:936820; %
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Z/nmZ → Z/nZ× Z/mZ

ẋ 7→ (ẋ, ẋ)
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n = 2

]j9
m = 5
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ZaT1q-Y120X?gx]7YIe8]l93C?`_20Y1f7@r]�/{X?68gL.:;G9<%
3)4 576B8�9 : ; ='?�� ? �[?V@ � � ; : :<; ��4�%�,6 � � � ? �)Z K
	Q	 �e��Y�K�EL����� f ��WE GX� � ��� � ��Y�E����T� R4_T �Ì2x;G93Y1]7YhsGX�, X?;E`7e8`7@r]7;G9

ẋ ∈ Z/nmZ
]_/{9^68;5g0]_Y1/36AZqeA]¡/36È]j9l/{]_X?eA]_@r]7;G9l/36

f (ẋ)
]_/{9^Xq;É4j2xX?V?e8]�4720;q/{936A93X?`

\[]W\[]7X?|�`7e8`7@r]7;G9}/(6A;5gx]7Y}/{68Z?e8]_/_�
\qT �56

ϕ
\?`_/36Aux;?]le8.¡m 20;q4j936820;6A;a\[684_.L91Y36t4j]l\P, s-X?e8]7Yck[]j9

p
]c/R9(X?;;?2x@¡Z?Y1]hVqY3]_@�68]7Yck[47.0e847X?eA]_Y

ϕ
(
pk
) Va2xX?Yd9320X?9

]7;G9368]7Y(;q.:93X?Y1]7e
k
� s-;Ì\[`_\?X?6AY1]le8.�m 2xY3@zX?e8]lsGX?6�4_.:et4jX?e8]

ϕ (n)
\[20;q;?`7]�\?.0;q/IeA]W4720X?Y}/_�

���������������

� � [ ]lsGX�, 68eP]_/{9I6A@rV	20Y391.:;G9(\[]�4j2x;q/R9}.L91]7YI4:, ]_/{9(sGX�, X?;`7e8`7@r]7;G9(\[]
Z/nmZ

\[`B_a;?6Â9(X?;`7e8`7@r]_;x9ë\[]
Z/nZ

D ]j9(X?;
\[]

Z/mZ
Tj�[<ëX[91Y3]_@�]_;G9d\[6A9_kG6Aeamn.:X?9bg02x6AYbsxXq]h/36

x
]j9
y
/{2x;G9b\[]7X?|r]_;G9368]7Y}/!sGX?6�/{](91]7Y1@r6A;?]_;G9bVq.0Y!e8]>@ �7@r]h4}Cq6ml�Y3]

]_;pZq.x/{]
mn

.:e820Y}/d6Aet/(/3]h91]7Y1@r6A;?]_;G9(.0Xq/1/{6�Vq.0Yde8]�@ �7@r]�4}C?6pl	Y1]l]7;Zq.0/3]
n
�?< g0]c4l\[]_/(4720;?uxY3X?]_;q4j]c/7k54j]_e8.r/36Aux;?6p_q]

sGX?]¡/36¤e8.p\[6ml�`7Y1]7;a4j]
x − y ]c/R9^X?; @¡XqeÂ916AV?e8]r\[] mn .:e820Y}/ë4:, ]_/{9h`_ux.0eA]_@�]_;G9>X?; @zX?eÂ916AVqeA]�\[] n k�4j]�sxXq6 ]c/R9l.:e820Y}/47e8.06AYc�
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$^.:;q/(e8]�47.x/
n = 2

]79
m = 5

k[e , .:V?VqeA6t47.:936820;V?Y3`c4j`c\[]7;G93]l]c/R9(%
0̇ 7→

(
0̇, 0̇
)

1̇ 7→
(
1̇, 1̇
)

2̇ 7→
(
0̇, 2̇
)

3̇ 7→
(
1̇, 3̇
)

4̇ 7→
(
0̇, 4̇
)

5̇ 7→
(
1̇, 0̇
)

6̇ 7→
(
0̇, 1̇
)

7̇ 7→
(
1̇, 2̇
)

8̇ 7→
(
0̇, 3̇
)

9̇ 7→
(
1̇, 4̇
)

 � $>68Y1]ë]_/{9-e , .:VqV?eA6t47.:936820;
f
]_/{9-Z?6 �R]c4í916Agx]>/{68u0;q6m_q]ësGX?]I9120X[9b`7e8`7@r]7;G9!\[]ëew, ]7;q/3]7@zZ?eA]ë\�, .0Y3Y16Agx`7]I.lX?;B]j9bX?;rX?;?6tsxXq]

.0;x91`_47`_\[]_;x9c� `³e¤;�, ]c/R9hVq.0/h.:;?2[\[68; \[]z4720;q/{91.:93]_Y>sGX?]WV	20X?Yh@�2x;G93Y1]7Y>47]7et.B6AeÈ/3Xonr9h\[]¡VqY32xX?g0]_Y>sGX?]�932xX[9>`_eA`_@�]_;G9
\[]lew, ]_;q/3]7@¡ZqeA]W\P, .:Y1Y16Agx`7]h.B.0XpVqeAXq/ëX?;Ì.:;G93`c4j`_\?]7;G9_k[2x;pV	20X?Y1Y}.�.0eA2xY1/I4720;q47eAX?Y1]^]7;Ì\[6t/3.0;x9ësGX?]�e8]_/I]_;q/{]_@¡Z?e8]_/(\?]
\[`_Vq.:Y39(]j9ë\P, .:Y1Y368g0`_]h2x;G9I@ �_@�]W4_.:Y}\[68;q.:ew�
q-Y1]7;?2x;q/�\[20;q4

(ẋ, ẏ)
\q.:;q/

Z/nZ × Z/mZ
]79r/3X?V?V	2x/320;a/¡sGX�, 6AeIV	2x/1/{fc\[]p\[]_X[| .:;G91`_4j`c\[]7;G9}/

ȧ
]79
ḃ
� [ ]7et.

/36Aux;?6p_q]�sxXq]
ȧ = ḃ = ẋ

\q.:;q/
Z/nZ

]j9>sGX?]
ȧ = ḃ = ẋ

\?.:;q/
Z/mZ

�q< g0]c4l\[]_/ë4720;?uxY3Xq]7;q47]_/_k547]7et.r/{]�\[6A9(%
a ≡ b (mod n)

a ≡ b (mod m)+U.p\[6pl	`_Y3]_;q4j]
b − a ]_/{9l\[2x;q4¡\?6Ag56t/{68Z?e8]zVq.0Y n ]79 m ]j9lV?X?6t/hVq.:Y^eA]_X?YlV?Y125\?X?6Â9^V?X?6t/3sGX?]r4j]c/h\?]7X[| ;?2x@¡Z?Y1]_/

/320;G9�V?Y1]7@r6A]_Y1/W]7;G93Y1]r]7X[|P� �¤68;q.:e8]7@r]_;x9
a ≡ b (mod mn)

kU]79¡\[20;q4
ȧ = ḃ

\?.:;q/
Z/mnZ

��~h;�.èZq6A]_;�@r2x;x91Y3`
.06A;q/36�sGX?]leA]W4720X?VqeA]

(ẋ, ẏ)
.r.:XèV?e8Xq/IX?;Ì.:;G93`c4j`c\[]7;G9_�

� � �[6
ẋ
]_/{9I68;5g0]_Y1/36AZqeA]l\?.:;a/

Z/nmZ
k[68eP]j|[6t/R91]

ẋ′ ∈ Z/nmZ
91]7et/(sGX?]

ẋẋ′ = 1̇
� � .068/(47]j9{91]�\[]7Y1;?68f7Y1]h`_ux.:e86A93`^]_/{9

]_;q4j2xY3]^g5Y1.06A]l\?.:;a/
Z/nZ

]79
Z/mZ

�q+�]�4j2xX?V?e8]W.0/1/{2[476A`lv
ẋ
]_/{9>\[20;q4l4720;q/{936A93X?`W\?]l\?]7X[|`7e8`7@r]7;G91/I68;5g0]_Y1/36AZqeA]c/7�

^(`c4j68V?Y32[sGX?]_@�]_;G9_kUVqY3]_;?20;q/WX?; 4j2xX?V?e8]
(ẋ, ẏ)

\?.:;a/
Z/nZ × Z/mZ

93]7edsGX?]
ẋ
/3206A9W68;Ggx]7Y}/{68Z?e8]=\?.:;a/

Z/nZ]79
ẏ
/3206A9^68;5g0]_Y1/36AZqeA]�\?.:;q/

Z/mZ
� `³e¤]7|[68/{93]r\[20;a4

ẋ′ ∈ Z/nZ
]j9
ẏ′ ∈ Z/mZ

91]7et/lsxXq]
ẋẋ′ = 1̇

]79
ẏẏ′ = 1̇

kPet.
V?Y1]7@r68f7Y1]h`_ux.0eA6A93`�.oix.0;G9de86A]_XÌ\?.:;q/

Z/nZ
]79Iet.B/3]_4j2x;q\[]�\?.0;q/

Z/mZ
�

� .06A;G93]_;q.:;G9-e8]_/-4720X?VqeA]c/
(ẋ, ẏ)

]j9
(ẋ′, ẏ′)

20;G9-X?;rX?;q68sGX?]>.0;G93`_47`_\[]_;G9-]j9-e8]ëV?Y125\?X?6Â9!\?]ë4j]_/!.:;G93`c4j`_\q.:;G91/ÈgL.:X?9
1̇
\?.0;q/

Z/mnZ
� [ ]7et.zVqY32xX?g0]^e8.�Y1`_476AV?Y12[sGX?]0�

� �
ϕ
(
pk
) ]_/{9ëeA]�;q20@¡ZqY3]�\P, ]7;G9368]7Y}/(4j2x@rV?Y36t/I]7;G91Y3]

1
]j9
pk − 1

sGX?6U/320;G9(V?Y1]7@r68]7Y}/(.og0]_4
pk
� � .068/ �793Y1]lV?Y3]_@r6A]_Y

.ogx]_4
pk
/{68u0;?6p_q]�/36A@rV?e8]7@r]7;G9ë;?]�Va.0/ �j91Y3]l@zX?eÂ916AVqeA]W\[]

p
�?<ë68;q/36 %

ϕ
(
pk
)

= pk − pk−1 = pk
(

1− 1

p

)

$z, .0X[93Y1]�Vq.:Y39(e8.rsGX?]c/R916A2x;4cTdV?Y32xX?g0]lsGX?]W/36
n
]79
m
/{2x;x9(V?Y1]7@r68]7Y}/d]7;G93Y1]l]7X[|Pk?2x;.�et.rY3]_e8.:936820;G%

ϕ (nm) = ϕ (n)ϕ (m)

<>6A;q/36�/36�e8.r\[`c4j2x@�V	2x/36A936820;è\[]
n
]_;pmn.x4í91]7X?Y}/IV?Y1]7@r6A]_Y1/d]c/R9

n = pα1
1 . . . pαrr

k?2x;.�%

ϕ (n) = ϕ (pα1
1 ) . . . ϕ (pαrr ) = n

(
1− 1

p1

)
. . .

(
1− 1

pr

)
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p
X?;�;?2x@¡Z?Y1]zVqY3]_@�68]7Yl68@rVq.:68Y_�U~h;�4j2x;q/{6t\[f_Y3]�`7uG.:e8]7@r]7;G9

ẋ
X?;�`7e8`7@r]_;x9

;?2x;E;5X?eb\[]
Z/pZ

�U+�]BZ?X?9W]_/{9¡\[]=\[20;q;?]7YWXq;�@r2Lix]7;�47.:et4jXqe8.:932068Y1]zV	20X?Yz\[`j91]7Y1@�68;?]_Y�X?;?]=Y}.0476A;?]B4_.:Y1Y3`_]�\[]
ẋ\?.0;q/

Z/pZ
�

~h; .0\[@r]79¡e8.Ì4}Cq2x/3]=/{X?68gL.:;G93]x� `³e-]7|56t/{93]=X?; `_eA`_@r]7;G9
α̇ ∈ Z/pZ

93]_ebsGX?]=e8]_/�VqX?68/1/1.:;q47]_/W/3Xq4747]_/1/{68g0]c/l\[]
α̇.:9{93]_6Aux;?]7;G9W9120Xq/¡eA]c/W`_eA`_@�]_;G91/W;q20; ;5X?et/¡\[]

Z/pZ
�¤<ëX[91Y3]_@r]7;G9�\[6A9_k¤68eb]7|56t/{93]=X?; ]7;G9368]7Y

α
93]_edsGX?]�Va2xX?YW9120X[9

4}C?6pl�Y3]l;?2x;p;5X?eU\?]^et.rZq.x/{]
p
k[68e�]7|56t/{93]lX?;è]j|[V	2x/1.:;G9

n
93]_eUsGX?]

αn
/3]^93]7Y1@r6A;q]�Vq.:Y(e8]�4}C?6ml�Y1]^]_;ÌsxXq]_/{936820;��

.xT �Ì2x;x91Y3]_YësGX?]
ẋ
.0\[@r]j9ëXq;?]�Y1.x4j68;?]l47.:Y1Y1`7]l/{6�]79ë/{]_X?eA]_@r]7;G9>/{6

ẋ
p−1
2 = 1̇

�
~h;è/{X?VqVa2G/{]lv�Vq.:Y39368Y(\[]l@r.06A;G91]7;q.0;x9ësGX?]

ẋ
.0\[@r]79IXq;?]lY1.x4j68;?]^4_.:Y1Y3`_]h\?.0;q/

Z/pZ
�a~h;4}C?2x68/36A9dX?;`7e8`7@r]_;x9

ȧ ∈ Z/pZ
�¤~h; 4_.:et4jX?e8]

ȧ2 %U/_, 68e-gL.:X?9 ẋ k�2x;�.91Y32xX?g0`rX?;q]BY1.x4j68;?]B47.:Y1Y1`7]0kP/36A;q20;�20;�\[`7gx]7e820V?V	]rm 20Y1@r]7e8eA]_@r]7;G9
ew, ]7|[V?Y3]c/3/36820; (

a+
√
ẋ
) p−1

2 �	~h;20Z?9368]7;G9ë.:68;q/{6 \[]_/I`_eA`_@�]_;G91/(\[]
Z/pZ

k
ḃ
]j9
ċ
g0`_Y36p_a.:;G9'%

(
ȧ+
√
ẋ
)p−1

2

= ḃ+ ċ
√
ẋ

ZaT �Ì2x;x91Y3]_Y(sxXq]W/{6
ḃ
]_/{9ë;5X?e ka.:e820Y}/

ċ
;?]�ew, ]c/R9ëVq.x/I]j9>/320;6A;5gx]7Y}/{]hm 20X?Y1;?6A9(X?;?]�Y}.04j68;?]�47.0Y3Y1`7]^\[]

ẋ
�

4_T �Ì2x;G93Y1]7Y(sGX�, 68e�]7|56t/{93]�.:X@r2068;q/ p−1
2

4}C?2x6Â|\[]
ȧ
Va2xX?Yëe8]_/1sGX?]7et/(4j]79{93]l@r`j91C?2[\[]�Y1`7Xq/1/{6A9(]Bl�]_4j9368g0]7@r]_;x9c�

���������������

� � +U]^mn.:6A9>sxXU, 68e�]j|[6t/R91]lX?;93]7eU`7e8`7@r]7;G9
α̇
V?Y120Xqg0]lsxXq]^ew, ]7;q/3]7@zZ?eA]

Z/pZ
]c/R9ëV?Y1`_4768/3`7@r]_;x9<%

Z/pZ =
{
0̇, 1̇, α̇, α̇2, . . . , α̇p−2

}

47]7et.�`791.:;G9�V?Y16A;a4j68Vq.:e8]7@r]7;G9�\���.:XEmn.:6A9�sGX?]re8]_/^V?X?6t/1/3.0;q4j]c/^/3Xq4_4j]_/1/36Agx]_/^\[]re , 6A;5gx]7Y}/{68Z?e8]
α̇
V?Y1]7;q;?]7;G9l932xX[93]c/leA]c/

gL.:e8]7XqY1/^V	2x/1/{68Z?e8]_/^]j9W\[2x;q4zsGX?]rew, 2xY1\?Y3]r\[]
α̇
]_/{9�]j|?.04j93]7@r]_;x9

p − 1
�-Dw~h;�/3.06Â9lVq.0Yl.06Ae8e8]7X?Y}/lsxXq]r47]j9�20Y}\[Y1]¡]c/R9

68;[m `7Y168]7X?Yëv
p− 1

Vq.0Y(]j|[]7@rV?e8]�]7;X[916Ae868/1.:;G9ëe8]lVa]7936A9ë93C?`_20Y1f7@r]�\[]��?]_Y3@B.:9}Tí�
� .06A;G93]_;q.:;G9ck	4720@r@r]

ẋ
]_/{9h;?2x; ;5X?e k	68e¤gL.�]j|[68/{93]_Y>X?;E]7;G9368]7Y

n
93]_e¤sGX?]

ẋ = α̇n
� `³e ]c/R9l.:e820Y}/ë68@r@�`c\[6t.L9^\?]

gx2068YIsGX?]
ẋ
]c/R9ëX?;Ì4_.:Y1Y3`l/{6P]79>/{]_X?e8]7@r]7;G9>/36Pe8.r4j2x;?u0Y1X?]_;q4j]l/{Xq6AgL.:;G91]W.0\[@r]j9(X?;q]W/{2xeAX[916A2x;p]_;

k
%

2k ≡ n (mod p− 1)

p− 1
]c/R9ëVa.:68Y_k[\[2x;q4�4j]79{93]W4720;?uxY3Xq]7;q47]^.x\[@r]j9(X?;?]W/320e8X[936820;è/36�]j9ë/3]7X?e8]7@r]7;G9>/36

n
]c/R9(Vq.06AYc�

$z, .0X[93Y1]�Vq.:Y39_k[2x;.�%
ẋ
p−1
2 = α̇n

p−1
2[ ]79{93]zsxXa.:;G936A93`zgo.0X[9

1̇
/36¤]j9h/3]7X?e8]7@r]_;x9l/{6 e , ]j|[V	2x/1.:;G9>]c/R9>Xq; @¡X?eA9368V?e8]z\[]

p − 1
]j9^\?20;q4W/36U]79^/3]7X?e8]7@r]_;x9^/{6

n]c/R9(Vq.06AYc�os-;èY3]_u0Y120X?Va.:;G9de8]_/(\?]7X[|Y3`c/{X?eA91.:91/dV?Y1`_47`_\[]_;x9}/7k[2x;è20Z[916A]_;x9(et.r4j20;a4je8Xq/{6820;è.L9393]_;q\[X?]x�
 � `³e mn.:X[9^Z?68]7;É4720@rV?Y1]7;q\[Y1]¡\?.0;q/^4j]j9393]�sxXq]_/{936820;É47]¡sGX?]z/320;G9

ḃ
]79
ċ
��� $h`7gx]7e820V?V	]7Y>m 20Y1@�]_eAe8]7@r]_;x9��Ì/36Aux;?6m_a]

sGX?]he , 20;=\[`_g0]_eA2xV?Va]^/3.0;q/!/3]>VqY3`_254_4jX?V	]7Yd4j]^sxXq]>V	]7X[9 �j91Y3] √
ẋ
kG20;=X[916Ae86t/{]!�RXq/R91]he8]ëmn.06Â9IsGX�, 68e	g0`7Y16p_q]>et.�Y1]7et.L936820;"%

(√
ẋ
)2

= ẋ

q�.:Y(]7|5]_@rV?eA]xk[20;Ì.:XqY1.1%
(
1̇ +
√
ẋ
)2

=
(
1̇ +
√
ẋ
)(

1̇ +
√
ẋ
)

= 1̇ +
√
ẋ+
√
ẋ+

(√
ẋ
)2

=
(
1̇ + ẋ

)
+ 2̇
√
ẋ
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� .068/U@r.06A;G91]7;q.0;x9È/{6
ẏ
]_/{9 g0`_Y36A91.0Z?e8]7@r]7;G9UX?;q]!Y}.04j68;?]!4_.:Y1Y3`_]-\[]

ẋ
ko40, ]c/R9��±v��±\?6AY1]�X?;W`_eA`_@�]_;G9¤\[]

Z/pZ
gx`7Y16m_a.0;G9

ẏ2 = ẋ
k[20;ègL.�Z?6A]_;è]7;G93]_;q\[XÌ.og02x6AY&%

(ȧ+ ẏ)
p−1
2 = ḃ+ ċẏ]79(\?20;q4�/36

ḃ = 0
k?2x;.0X?Y}. %

(ȧ+ ẏ)
p−1
2 = ċẏs-;è`7e8]7gL.0;x9>47]j9393]W\[]_Y3;?68f7Y1]^`7ux.0eA6A93`�.0X4_.:Y1Y3`xkG2x;93Y120X?gx] %

1̇ = (ȧ+ ẏ)p−1 = ċ2ẏ2 = ċ2ẋ

[ ]79{93]W\?]7Y1;?6Af_Y3]l`_ux.:e86A93`lV?Y120X?gx]lsGX?]
ċ
]c/R9ë68;5g0]7Y}/36AZ?e8]BDn\P, 68;Ggx]7Y}/{]

ċẋ
Td]j9hsGX?]W/36

ċ′
\[`_/36Aux;?]lX?;è6A;5gx]7Y}/{]�\[]

ċ
kq20;Ì.

ċ′2 = ẋ
k?]79>\[20;q4^2x;.�Z?68]7;Ì\[`793]7Y1@r6A;q`�X?;?]lY1.x4j68;?]�47.0Y3Y1`7]l\[]

ẋ
�


 ; : � 8 � � ; % [ ]j9393]l@r`j93Cq25\?]>m 2xX?Y3;q6Â9IX?;@�2Lix]7;=VqY1.:936tsxXq]^\[]l\[`793]7Y1@r6A;q]7YdX?;?]lY1.x4j68;?]h4_.:Y1Y3`_]h\[]
ẋ
\?.:;a/

Z/pZ]_;/3X?V?V	2x/1.:;G9(sxXU, 2x;p.:6A9ë/{X nB/1.:@r@r]7;G9(\[]�4}Cq.:;a4j]^Va2xX?YI932x@¡Z	]7Y(/{XqY(X?;
ȧ
sGX?6�/3206A9d93]7e�sGX?]

ḃ = 0
�a~h;pV	20XqY3Y}.:6A9

47Y32x6AY1]^sGX?]lew, `_eA`_gL.L936820;èv�e8.rVqX?68/1/1.:;q47]
p− 1

]_/{9ëX?;4_.:et4jX?e 4j20@rV?e86tsxXq`^@B.068/I]_;pmn.06Â9(;?2x;��
��2Li02x;q/(4j2x@r@�]_;G9ë20;èV?Y12547f_\[]W/3X?YëXq;]7|[]7@rV?e8]0�uq!Y3]_;?20;q/

p = 2003
]j9
ẋ = 3̇

�P~h;Ì4j20@r@r]7;a4j]�Vq.0Yë47.:et4jXqeA]_Y
p−1
2 = 1001

��`³e /7, .:ux6Â9ë\?.0;q/(X?;èV?Y1]7@r68]7YI93]_@rVq/ë\[]¡4_.:et4jX?e8]7Y(]7|[V?eA6t4j6A93]_@r]7;G9
3̇1001 � qÈ20X?Yë47]7et.?k?2x;pVqY32[4jfc\[]W\[]�et.mn.U\j20;è/3X?6AgL.0;x91]0�a~h;è4j2x@�@r]_;q4j]lVq.0Y(`_4jY168Y3]+%

3̇1001 = 3̇ ·
(
3̇500

)2

`³eÈ;?]r/7, .:ux6Â9l\[20;a4¡@B.:68;G93]_;q.:;G9hVqeAXq/lsGX?]r\[]r47.:et4jXqeA]_Y
2̇500 � ~h; VqY32[4jfc\[]r\[]z@ �_@�]�]j9l20;E`_47Y36A9l/3Xq4_4j]_/1/36Agx]7@r]7;G9e8]_/Ie86Aux;?]_/'%

3̇500 =
(
3̇250

)2

3̇250 =
(
3̇125

)2

3̇125 = 3̇ ·
(
3̇62
)2

3̇62 =
(
3̇31
)2

3̇31 = 3̇ ·
(
3̇15
)2

3̇15 = 3̇ ·
(
3̇7
)2

3̇7 = 3̇ ·
(
3̇3
)2

3̇3 = 3̇ ·
(
3̇
)2

~h;]_/{9ë@r.06A;G91]7;q.0;x9ë4_.:Vq.0Z?eA]�\P, ]Bl�]_4j93X?]_Y(eA]W4_.:et4jX?eL%
3̇3 = 3̇ ·

(
3̇
)2

= 27

3̇7 = 3̇ ·
(
3̇3
)2

= 184

3̇15 = 3̇ ·
(
3̇7
)2

= 1418

3̇31 = 3̇ ·
(
3̇15
)2

= 1139

3̇62 =
(
3̇31
)2

= 1380

3̇125 = 3̇ ·
(
3̇62
)2

= 644

3̇250 =
(
3̇125

)2
= 115

3̇500 =
(
3̇250

)2
= 1207

3̇1001 = 3̇ ·
(
3̇500

)2
= 1̇
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~h; ]_;É\[`_\?X?6Â9�.:68;q/36¤sGX?]
3̇
]_/{9hZq6A]_;ÉX?;É4_.:Y1Y3`z\?.:;q/

Z/2003Z
�]q¤2xX?Y>]_;É\[`793]7Y1@r6A;q]7Y^X?;?]¡Y}.0476A;q]¡47.0Y3Y1`7]xkq20;

4}C?2x68/36A9I@B.06A;G93]_;q.:;G9(X?;
ȧ
sGX?]7et4j2x;qsGX?]0k[Va.:Y(]j|[]_@�VqeA]

ȧ = 3̇
��~h;4_.:et4jX?e8]�4j20@r@r]�V?Y1`_47`_\[]_@�@r]_;x9<%

(
3̇ +

√
3̇
)1001

= 1207 ·
√

3̇

$z, .0V?Y3fc/ë4j]zsxXq]We , 20;Ìg568]7;G9h\[]zV?Y120X?gx]7Yck[X?;?]WY}.0476A;?]z47.:Y1Y1`7]�\[]
3̇
]c/R9hX?;Ì6A;5gx]7Y}/{]W\[]

1207
�a~h;ÌeA]z\[`j91]7Y1@�68;?]

uxY��x4j]lvzew, .:e8u020Y16A93C?@r]l\P, s!Xq4je868\?]0��~h;p93Y120Xqg0]l.:68;q/{6�sGX?] %
385

2
= 3̇

� � ~h;Y}.:VqVa]_eAe8]�sxXq]
ḃ
]79
ċ
/320;G9ë\[`B_q;q68/(Va.:YIe8.rY1]7et.L916A2x;p/3X?68go.0;G93] %

(
ȧ+
√
ẋ
)p−1

2

= ḃ+ ċ
√
ẋ

~h; gx206A9�mn.04j68e8]7@r]7;G9_k¤Vq.0YW]j|[]7@rV?e8]=]_; Y3]_ux.:Y}\?.0;x9W4720@r@r]7;G9¡e8]_/¡4_.:et4jX?et/¡/3]=Vq.x/3/3]7;G9ckUsGX?]�ew, 2x; .Ì`7uG.:e8]7@r]7;G9Wet.
Y1]7et.L916A2x;G%

(
ȧ−
√
ẋ
)p−1

2

= ḃ− ċ
√
ẋ

s-;Ì/320@r@B.:;G9ë4j]_/(\?]7X[|`7ux.0eA6A93`c/7k[2x;p2xZ[9368]7;G9(X?;?]�]7|[V?Y3]c/3/36820;p\?]
ḃ
%

2̇ḃ = (ȧ+ ẏ)
p−1
2 + (ȧ− ẏ)

p−1
2

2 �
ẏ
]_/{9>X?;q]¡Y}.04j68;?]W4_.:Y1Y3`_]l\?]

ẋ
\?.0;q/

Z/pZ
� [ 2x@�@r]W2x; .=4}C?2x68/36

p
68@rVq.:68Y_k

2̇
]c/R9h6A;5g0]_Y1/368Z?eA]x� s-;ÌVq.0Y{916847X?e86A]_Y

ḃ = 0̇
/36�]j9ë/3]7X?e8]7@r]_;x9>/36L%

(
ȧ+ ẏ

ȧ− ẏ

) p−1
2

= 1

47]j9{91]>]7|5VqY3]c/3/36A2x;�.WZq6A]_;�X?;/{]_;q/!VqX?68/1sGX?]>ew, 20;p4}Cq206t/{6A9
ȧ 6= ẏ

kG`791.0;x9I\[20;q;?`^sGX?]he , 20;.WV?Y16t/b\[]^g0`_Y36p_q]_Yb.ogL.:;G9b\[]
4720@r@r]7;q47]7YIeA]c/ë47.0e847X?e8]7Y(sGX?]

ȧ2 6= ẋ
�

`³eP;?]^Y3]c/R91]^.0eA2xY1/bV?e8Xq/IsGX�, v�\[68Y3]lsGX?]^e8.zm 20;a4í936820;
ȧ 7→ ȧ+ẏ

ȧ−ẏ
Y1`_.0eA6t/3]>X?;?]lZ?6 �R]_4j936820;\[]

(Z/pZ) \ {ẏ,−ẏ} \?.:;a/
(Z/pZ) \

{
0̇, 1̇
} ]j9>v�Y3]_@B.:Y}sxXq]7YIsxXU, 68e�ip.�]7|[.x4í91]7@r]7;G9 p−1

2

4_.:Y1Y3`c/!;?2x;è;GXqe8/(\?.0;q/
Z/pZ

�
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�W F ���B� �� R � HW	��e��^�G���� 	���GX�J^�G����,�J����TG F �J� Y�� ����E � �I�d�
���P�����BE ���)M�K���E �
H7K�Y�E\� �>���BE ��J�����G F �J� � Z ��^�G�K�EL����� ���
t
N
t2 − St+ P = 0 R>� �_M����JKO�������!K�ELE\����EL����� �>� Z ��G����e�����_K�G�Y�GX� Y�K� R

�@IKJLI�� 	 � T[�?�!�MR5���U� � jë� �!� h
+-, `_sGXq.:936820; v�Y3`c/{2xXq\[Y1]W68476 ]c/R9

ax3 + bx2 + cx + d = 0
� [ 20@r@r]¡VqY3`c4j]_\?]7@r@r]7;G9_k	20; gL.p/{X?VqVa2G/{]_Y

a 6= 0
k

4_.:Y(/{68;?2x;pew, `csGXq.L916A2x;/3]7Y}.:6A9(]7;mn.:6A9>\[]�\[]7uxY3`
2
]j9ëY1]7e8f7gx]7Y}.:6A9I\?XpVq.0Y1.0u0Y}.:V?Cq]>V?Y1`_47`_\[]_;x9c�

 � ; � � ��6�� �[?�A ?V='? � ����EL�J���d^�G��)^�GX��E�E1� � F ��� �V���� 	�KT� a 	 GX�V � 	������� x′ = x+ b
3

N ��� 	���GXE �GP	Q	�������)^�G��
a = 1��E ^�G��

b = 0 R
<ë68;q/36 k e , `_sGXq.:936820;�sGX�, 68e!;q20Xq/^mn.0X[9¡Y1`_/320Xq\[Y1]r\[]7g568]7;G9

x3 + cx + d = 0
k 4j]=sGX?6-]c/R9zsGXq.0;q\E@ �_@r]�.èV?Y16A2xY36

V?e8Xq/r/36A@rV?e8]0�-+!, 6t\[`7]V	20X?Yrmn.06AY1]47]7et.É]c/R9B\[]Ì4}C?]_Y14}C?]_Y
x
/320Xq/zet.Ém 2xY3@r]

p + q
k�]7; ]c/{V	`7Y}.:;G9BsGX?]47]_476ë\[20;?;q]

/3Xon=/3.0@r@�]_;G9r\[]èe86AZ	]7Y393`èV	20X?YBV	20Xqg02068Yr6A@rV	2x/3]7YB.:X @r2068;q/�X?;?] .0X[93Y1]4720;q\?6Â916A2x; /3X?Y
p
]j9
q
]j9=2xZ[93]_;?68Y�Xq;

V?Y120ZqeAf_@�]^V?e8Xq/ë/36A@rV?e8]0�us-;Ì/{X?Za/R916Â91Xq.:;G9
p+ q

v
x
k?ew, `_sGXq.L916A2x;\?]7g56A]_;G9(%

p3 + q3 + (p+ q) (3pq + c) + d = 0

 � ; � � ��6����'?�AB? �'? � �_�����W� � ��� R
+U.r4720;q\[6A936820;Ì/3X?V?V?e8`7@r]_;x9}.:68Y3]�sGX?]lew, 2x;è.06A@r]_Y1.06Â9I6A@rV	2x/3]7Yë/3X?Y

p
]j9
q
]_/{9

3pq + c = 0
�a~h;20Z[916A]_;x9>.06A;a/{6Pe8]

/3i[/R91f7@r]�/{X?68gL.:;G9ë\[20;G9(X?;?]W/320e8X[916A2x;pgL.r;?2xXq/(\[20;q;?]7Y(X?;q]l/320e8X[916A2x;\[]�;q2:93Y1]l`_sGXq.:936820;è\[]W\[`7Va.:Y39_�
{

3pq = −c
p3 + q3 = −d

 � ; � � ��6�� �[?�A ?
	'? � �  Z ����L	 ���JKT��E F � ��K ^�G���WE����T��� R��R � N>�J�����G F �J� ��� ����E � �I�O	��J��Y
� F ���BE R � �T��EL�J���!^�G�� W�
d2

4 + c3

27 > 0
N �T� ����EL�����BEU��bc��Y�EL����� �>���BE'	�K��_Y���E�E1� �>��E���� F �)GX��� ���� GXE����T� �>� Z �
^�G�K�EL����� x3 + cx+ d = 0 R

~h; V	]7X[9�@�2x;G93Y1]7Y¡sGX?]�/36 d2
4 + c3

27 > 0
k .0eA2xY1/let. /320e8X[936820; sGX?]=ew, 20; .è91Y32xX?g0`BV?Y1`_47`_\[]_@r@�]_;G9¡]_/{9¡]7;�mn.06Â9

ew, Xq;?68sGX?]W/320e8X[916A2x;è\?]�e , `_sGXq.:936820;��o`³e¤/{Xonr9ëV	20X?Yh4j]7et.r\P, `j93Xa\[6A]_Y>et.zm 20;q4j936820;
f
\?`B_q;?68]�Vq.0Y

f (x) = x3 + cx+ d
�

$^.:;q/he8]r4_.0/h2�� d2

4 + c3

27 = 0
k�e , `j91Xq\[]r\[]�e8.�m 20;q4j936820;E@�2x;G93Y1]zsGX�, 6AeÈi .p]7; mn.06Â9W\[]_X[|É/320e8X[936820;q/_k�4j]7e8e8]�\[2x;?;?`_]

Vq.0Yre8.E@r`j93Cq25\?]VqY3`c4j`_\?]7;G93]èsGX?6(]_/{9 −2
√

−c
3 = −2 3

√
d
2

D
c
]c/R9B6t4j6Im 20Y}4j`_@r]7;G9�Xq; ;?2x@¡Z?Y1];?`7uG.L936Am1Tz]j9BX?;q]

.0X[93Y1]BsxXq6-]_/{9 √−c
3 = 3

√
d
2

�!D [ ]_/W\?]7X[|�/{2xeAX[916A2x;q/l;�, ]7; /320;G9�]7;�mn.:6A9zsGX�, X?;?]=\?.0;q/�e8]=47.x/^93Y1f_/�Vq.0Y{916847X?e86A]_Y�2��
c = d = 0

Tj�	+U]z\[]_Y3;q6A]_Yh47.x/hsGX?6¤]_/{9 d2

4 + c3

27 < 0
]c/R9^Za]c.:Xq4720X?V VqeAXq/>m Y1Xq/R91Y1.0;G9_��~h;ÉVa]_X[9^@r2x;x91Y3]_Yë]7;a4j20Y1]W]_;

`793Xq\[6t.:;G9>et.rm 2x;q4í916A2x;
f
sGX�, 68eUiÌ.�93Y1206t/>/320e8X[936820;a/(@B.:6t/ëet.B@r`j93Cq25\?]¡V?Y1`_47`_\[]_;x91]�;�, ]7;Ìm 2xX?Y3;q6Â9h.0Xq4jXq;?]0�]s-;Ìmn.:6A9_k

47]rsGX?]rew, 2x;�.06A@r]_Y1.06Â9^mn.:68Y3]xk�4:, ]_/{9W\[20;?;q]7YlX?; /{]_;q/l.:X[|EY1.x4j68;?]_/l47.0Y3Y1`7]c/h\?]B;?20@zZ?Y3]c/^;?`7uG.L936Amn/_� [ ]c4j6-/3]rY3`c/{2xX[9
Vq.0Yhew, 6A;G93Y12[\[Xq4j936820;É\[]c/^;?20@zZ?Y3]c/h4720@rV?e8]j|[]_/^sGX?6È20;G9^\�, .06Ae8eA]_X?Y}/>`793`r\[`7gx]7e820V?V	`_/^v�ew, 20Y16Aux6A;?]zV?Y1`_4j6t/3`7@r]7;G9hV	20XqY
Y1`_/320Xq\?Y3]d4j]du0]7;qY3]I\P, `_sGXq.L916A2x;q/_kc@B.068/È;?2xXq/¤;�, .:e8eA2x;q/¤Vq.0/�\[`791.06Ae8eA]_YÈeA]_X?YÈ`j93Xa\[](68476 � �?.04}C?]b932xX[93]7m 206t/¤sGX?](4720@¡Zq6A;?`_]
vet.pVqX?68/1/1.:;q47]r\?]_/l;?2x@¡Z?Y1]_/�4720@rV?e8]j|[]_/_k�e8.è@r`j91C?2[\[]BV?Y1`_47`_\[]_;x91]zV	]7Y1@r]j9¡\[]BY1`_/320Xa\[Y3]r.:X�@r2068;q/l]7;�91C?`72xY368]
9120X[91]_/Ie8]_/I`_sGXq.:936820;q/(.0eAux`7Z?Y16tsxXq]_/I\[X93Y1206t/{68f7@r]�\[]_u0Y1`0�
 � ; � � ��6����[?�A ?��[?�� ���W� � ��� ^�G��O��K �I��E ��� F �)	 �J��	�����
� ��WE � �c	 GX�V��K��BE\� M�KQY
� � � Z ��^�G�KTE����T� x3 − 2x + 1 = 0 R� ���W� � ��� 	���GX�WE1K���E#^�G��

1
N −1−

√
5

2

��E −1+
√

5
2

����BE EL�J���Vd����eGXEL������ R � � M�KT��E�N Y��)�����E ���� ���GX���� R
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�@IKJLI�� 	 �YX O ��T[�q� �U� � jë� �-� h
+-, `_sGXq.:936820;ÌvBY1`_/320Xq\?Y3]�6t4j6 ]_/{9

ax4 + bx3 + cx2 + dx + e = 0
]j9^4j20@r@r]¡\P, Cq.0Z?6Â91Xq\[]z20;ÌgL.B/{XqV?Va2G/{]_YhsGX?]

a 6= 0
�

 � ; � � ��6����[?�A ? � ?�� �T��EL�J��� ^�G�� ^�GX��ELE\� � F ���P�V���� 	�K�� a 	 GX�V �IM�K����J� GX�.Y ��KT� � � �>���BE F � ��K��W��KQ����� ^�G�� � Z ���	��J��Y��V����JK�N �T�>	���GXE WGP	�	�������_^�G��
a = 1

��E
b = 0 R

+-, `_sGXq.:936820;v¡Y1`_/320Xq\?Y3]^\[]7g568]7;G9ë.:e820Y}/
x4 + cx2 + dx+ e = 0

�tqÈ20X?Ydmn.:68Y1]l47]7et.?k520;p6A;G91Y32[\[X?6A9(X?;Vq.:Y}.:@rfj91Y3]
t
DnsGX?]�ew, 2x;pgL.B4}C?2x68/36AY¤�RXq\?68476A]_Xq/{]_@r]7;G9ëVq.:Y(et.r/{Xq6Â91]cTd]j9ëew, 20;Y3`_`_4jY16A9Iew, `_sGXq.L916A2x;/320Xa/Ie8.zm 20Y1@r]�/{X?68gL.:;G93]+%

(
x2 + t

)2 −
[
(2t− c)x2 − dx+

(
t2 − e

)]
= 0

 � ; � � ��6����'?�AB?�A	�[? � ���W� � ���_^�G�� � Z ��^�G�K�EL����� �WWE ������� ��^�GX����K������BE\� �>� Z � � K�� ��E\�I��Y��W��E1� Y���� F �W�WG7 R
~h;É.06A@r]7Y}.:6A9h]_;Ìmn.:6A9�sxXq]¡et.=Vq.0Y{916A]z]7;G93Y1]z47Y32[4}C?]791/^\[]¡ew, ]7|[V?Y3]c/3/36820;ÌV?Y1`_47`_\[]_;x91]¡V?Xq68/1/{]�/7, `_47Y368Y1]¡4j2x@�@r]zX?;

4_.:Y1Y3`è47.0Y�\?.:;a/=4j] 4_.0/_k�20; /1.:X?Y}.:6A9rmn.04í9120Y168/3]7Yr;?2093Y1]Ì]j|[V?Y1]_/1/{6820; ]j9pe , 20; ;�, .:X?Y}.:6A9BV?e8Xq/�sGX�, v�Y3`c/{2xXq\[Y1]\?]7X[|
`csxXa.L936820;a/d\?]W\[]7uxY3`

2
kq47]�sxXq]�e , 20;è/3.06Â9I91C?`72xY36tsGX?]7@r]7;G9ë\[`{�{v�mn.:68Y3]x�

 � ; � � ��6����'?�AB?�ABA ? � ���W� � ���_^�G��dW�
t
�WWE E\��� ^�G��

4 (2t− c)
(
t2 − e

)
= d2 6= 0

N K����T�� ���!K 

(2t− c)x2 − dx+
(
t2 − e

)
= (2t− c)

(
x− d

4t− 2c

)2

� ����Y�� GX�J�U	���GX�d���IY�K�
d 6= 0 � K�ELE\����EL����� K�GaW� � ��� F � 2t− c ` R

 � ; � � ��6����'?�AB?�AX@'? � �����G F �J� � Z ��^�G�K�EL����� F KT�� ��� Y
K� d = 0 R>� �>	��TGX�W�JK 	������� X = x2 R
�@IKJLIdH � T � f � �SR I I I
$h]l�R20e86A]c/l@�`793C?2[\[]c/lu0`_;?`7Y}.:e8]_/l\[]B4j]rux]7;?Y1]r;�, ]7|[68/{93]_;x9�V?e8Xq/lV	20X?Y�e8]_/�\?]7u0Y1`_/l/3X?V	`7Y16A]_X?Y1/�v

5
�A�8��+U.V?C?Y}.0/3]

V?Y1`_47`_\[]_;G93]>]c/R9Ig02xeA2x;G91.:68Y1]7@r]7;G9,�q2xX?]l47.:Yd68e	]c/R9ë\[6pn=4j68eA]l\P, ]j|[V?e868sGX?]_YIV?Y3`c4j6t/{`_@r]7;G9d47]^sGX?]^e , 20;/3.06Â9(v�4j]^V?Y32xVa2G/
/1.:;q/-Y3]_;x91Y3]_Yb\?.0;q/!\?]_/!\?`j91.06Aet/!93Y120Vr93]c4}C?;?6tsGX?]_/!]j9d\?20;q4È�R]h;?]>gL.068/!Vq.0/!eA]>mn.:68Y3]x�aD �[6q91X�e8]>/{2xX?Cq.06Â91]_/_kj�R]>V	20XqY3Y}.:6t/
mn.06AY1]-X?;?]!m ]7X?68e8eA]d\P, ]7|[]7Y}4j6t4j]_/U\[]b47]!u0]_;?Y1]�Va2xX?YU9c, ]7|[V?eA6tsGX?]7Y¤4j]dsxXq]P�j, ]_;G93]7;a\?/UVa.:Y���$h]-91]7e8eA]c/U@r`j91C?2[\[]_/U;�, ]j|[68/{93]_;G9
Vq.x/	�h]79ëVa]_X[9 � �j91Y3]l@ �7@r]l91]�eA]lmn.06AY1]�\[`7@r20;G91Y3]_Yd@B.068/IZ	20;��8�8� Ts-;o_a;�kx47]7et.h;q]dgx]7X[9-Va.0/�\[68Y3](sGX?](ew, 2x;z]c/R9�912:9}.:e8]7@r]7;G9�6A@rV?Xq68/1/3.0;G9¤mn.x4j]ëvl\[]c/È`_sGXq.L916A2x;q/�\[]ë\[]_u0Y1`d/3X?V	`7Y16A]_X?Yc�
�x]lgo.068/I]7|[V?eA6tsGX?]7Yë\q.:;q/Iet.r/{X?6A93]W4720@r@r]7;G9(20;èV	]7X[9ë]c/{V	`7Y1]7YIe8]_/ë.0Za2xY1\[]_Y_�
$h20;q4¡20;É/_, .:9{9}.0sGX?]zv=e , `_sGXq.:936820;

anx
n + . . . + a0 = 0

k
n
;�, `j91.0;G9hVq.x/(m 20Y}4j`_@r]7;G9^/3X?V	`7Y16A]_X?Yhv

5
%q9120X[9�4j]

sGX?]^�R]rgL.:6t/�\[6AY1]r/7, .:V?VqeA6tsGX?]BvpXq;
n
sxXq]7et4j20;asxXq]z]79¡/{2xX?g0]_;x9l68e�]_/{9lVqY3`7m `7Y}.:Z?e8]�\�, X[916Ae86t/{]_Y�eA]c/l@�`793C?2[\[]c/�sGX?]^�R]

gL.:6t/!\?`_4jY168Y3]ëVa.:Yde8.z/{X?6A93]^sGX?]>e8]_/b@r`j93Cq25\?]_/bu0`7;q`7Y}.:e8]_/-sGX?6P/320;G9!]7;�u0`7;q`7Y}.:eqXq;�V	]7X=e820X?Y}\[]c/7�?~h;BVa]_X[9(/{X?VqVa2G/{]_Y
4720@r@r]l9320X:�R20X?Y}/ësGX?]

an 6= 0
�	~h;ègL.BVa2G/{]_Y

P (x) = anx
n + . . .+ a0

�a+!, 6t\[`_]lm 20;q\?.0@r]7;G91.0eA]�]c/R9hsGX?]W/36Uew, 20;Ì.
91Y32xX?g0`�X?;q]¡/{2xeAX?936820;�k	\[68/320;a/

a
gx`7Y16m_	.:;G9>\[20;a4

P (a) = 0
kq20;Ì]c/R9hY1.0@�]_;?`¡vBXq; V?Y120Z?e8f7@r]�V?e8Xq/^/{68@rV?eA]zsxXq6U]_/{9

47]7e8X?6�\[]zY1`_/320Xa\[Y3]¡X?;?]�`_sGXq.L916A2x;E\[]r\[]_u0Y1`
n − 1

��~h;Égx]7Y1Y1.=V?eAXa/he82068;E4720@r@r]7;G9l20; mn.06Â9lV	20X?Yh93Y120X?gx]7Y^X?; 91]7e
a
Dn]7;�u0`_;?`7Y}.:e�40, ]c/R9WVq.0Y�4}Cq.:;q47]0�8�A�ÕTík�V	20XqY�e , 6A;a/R9}.:;G9W/{X?VqVa2G/{2x;q/�sGX?]re , 20; \[6t/{V	2x/3]B\P, X?;?]=/320e8X[936820;

a
]j9Wgx2Li02x;q/

4720@r@r]7;G9(20;Y3`_Xq/3/36A9(vzmn.06AY1]lZq.:6t/3/3]7Y(e8]�\[]7uxY3`�\[]
1
�

 � ; � � ��6�� �[?�A ?�A��'? � ����EL�J��� ^�G�� 	��TGX� E1��GXE ����EL�����
k
��E E1��GXE �J�����

y
N �T� F �VL	����� F �d��KUM�K�Y�E\�T�W�V�KTE����T� WGX����KT��E1� 

xk − yk = (x− y)
(
xk−1 + yxk−2 + y2xk−1 + ...+ yk−2x+ yk−1

)

� � F � F GX���
� ^�G��
P (x) − P (y)

 Z ��Y��W��E (x− y)Qy (x)
� �

Qy
��WEdGX� �a�JH�	 �
�W�W����� F � F � � �J� n − 1

���
x R � �	�K��WEL��Y�GX� �����_Y�� � �>�

a
�WWE ��T�eGXEL����� F � P (x) = 0

N ���>	���GXEU��Y��W���J� 
P (x) = (x− a)Qa (x)
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 � ; � � ��6�� �[?�A ?�A �[? � � F � F GX���J�!^�G Z GX� � ��^�G�KTE����T� F � F � � �J� n K KTG 	 �eG7
n

���� GXE����T�� R#� �<	�KT�WE���Y�GX�e����� Y�����K
F � �>���BE��J�)� Z K�� � �>K�EL����� F �_��KO^�G����EL������� R�QR��QR
`³e	;?]>Y1]_/{93]ëVqeAXq/bsGX�, vz\[20;q;?]7Y-Xq;?]>@r`j91C?2[\[]>]�l	]c4í916Agx]>V	20X?Yd47.:et4jXqeA]_Y!e8]ëVa2xeAi5; ax@r]

Qa
��q-Y3`c/{]_;G9320;a/ �±e8.�/3X?YbX?;

]7|5]_@rV?eA]x�]q!Y3]_;?20;q/
P (x) = x5 − 5x3 + 8

kaew, `csGXq.L916A2x;Év=Y1`_/320Xq\?Y3]W]c/R9l\[20;a4
x5 − 5x3 + 8 = 0

��~h; Y3]_@B.:Y}sxXq]
sGX?]

2
]_/{9zX?;q]/320e8X[936820;U�È~h; V?Y1`_/3]7;G91]=]7; mn.06Â9re8]_/�47.:et4jXqe8/z\?.:;q/ze8]=91.0Z?e8]_.:X sGX?6I/3X?6Â9c� �5X?Y�e8.ÉV?Y3]_@r6Af7Y1]=e86Aux;?]0k
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sin Â2PA3 · sin Â1PA4[ , ]_/{9h4j]79{93]zsxXa.:;G936A93`WsGX?]Wew, 20;Ì.:V?V	]7e8e8]WeA]O�����JK�	�	����WE>\[]c/>sGXq.:93Y1]W\[Y32x6Â91]_/(4720;q4720X?Y1Y1.0;G93]_/
D1
k
D2
k
D3

]79
D4]79I2x;èe8.�;?2093]

[D1, D2, D3, D4]
�

 � ; � � ��6����'?�@%?�AX@'?�� ���BE��J���_^�G�� ��� �����
K
	�	����WE F � ^�G�K�EL�J� F �J�T��E\��_�WWE ������K��W��K��BE'	�K�� ��� �>� � �JK�	 �X��� R
�@I c@I � 	 �SR V �
i>�KX O �SR~h;è.¡g5XèsxXq]^e8]_/ICq20@r20uxY1.0V?C?68]_/d4j20;a/{]_Y3gL.:68]7;G9de , .:e86Aux;?]7@r]_;x9ck[4:, ]_/{9 �³v �³\[6AY1]lsxXU, X?;q]^Cq20@r20uxY1.0V?C?68]ë93Y}.:;a/Rm 2xY3@r]
X?;q]>\[Y1206A93]ë]_;=X?;?]>\?Y32x6Â91]0�5~h;�]_/{9!]7;�\?Y32x6Â9b\?]>/{]h\[]7@B.:;a\[]7YdvWsGX?206ago.WY3]c/3/3]7@zZ?eA]_Y-ew, 68@B.:u0]h\P, Xq;�4j]_Y147eA]ëVa.:Y-X?;q]
C?2x@r20u0Y}.:VqC?6A]x�orb68]7;è]_;x91]7;q\?X�kq4j2x@r@�]�;q6Ue8]_/ë\[6t/{91.:;a4j]_/_k[;?6 eA]c/IY1.0V?Va2xY{9}/(\[]W\[6t/R9}.:;q47]�;?]W/320;G9>4j2x;q/{]_Y3gx`_/_k56Ae�;U, i
.0Xq4jX?;q]WY1.068/320; .=V?Y36820Y16UV	20XqYhsGX�, X?;É4j]_Y147eA]z/{2x6Â9h93Y}.:;[m 2xY3@r`W]_; X?;É.0X[93Y1]¡4j]_Y147eA]xkq]79h]Bl�]_4j9368g0]_@�]_;G9^4j]z;�, ]_/{9hVq.x/
e8]�47.0/_� � .068/Igx2Li020;a/b\[`{�{vrVq.:YësGX?2x6P]_/{9(Y3]_V?Y3`c/{]_;G93`lX?;è4j]7Y}4je8]�\?.:;a/Ie , ]_/3Vq.047]�.:@¡Zq68.0;x9c�

P

O

Ω

C



�t� �u� � � � �����Y� '��� � ����	�� ó/� 	

[ , ]_/{9b4j]>sGX?]>e , 20;B.:VqVa]_eAe8]ëX?; Y������j�7�ë20932x;q/ �±e8] C � [ 2x@r@�]>20;Bew, .lg5X�kxe , 6A@B.0u0]ë\[]ë;q2:93Y1]>47]7Y}4je8]ë\[]>\[`_Vq.:Y39-Vq.:Yew, Cq20@r20uxY1.0V?C?68]lsGX?6¤4j2xY3Y1]_/3Va2x;q\vre , 68/320@r`793Y16A]
f
\[]Wew, ]_/3Vq.047]0k?;�, ]_/{9h.0X[93Y1]¡sGX?]Wew, 68;G93]_Y1/3X?Zq/3]_4j936820;Ì\[]W;?2093Y1]W4Bax;?]

Vq.0YleA]rV?et.:;
P ′ 6A@B.0u0]�Y3`c4j68V?Y32[sGX?]�\[] P Vq.0Y

f
��<>6A;q/36�`j91Xq\[68]7Y�e8]_/l68@B.:u0]c/>V	2x/1/36AZ?e8]_/�\?]�;q2:93Y1]r4j]7Y}4je8]�Vq.:YlX?;?]

C?2x@r20u0Y}.:VqC?6A]IY1]7g568]7;G9bv�`793Xq\[68]7YbeA]c/-68;G93]7Y}/3X?Zq/3]_4í916A2x;q/-\[] C Vq.0Y!\[]c/!V?et.:;a/ P ′ 6A@B.:ux]>\[] P Va.:Y-X?;q]>6t/{2x@�`793Y16A]ë\?]
ew, ]c/{Va.04j]ze8.068/1/1.:;G9�_?|[]

O
D � �TGX�J^�G���� �oTj� � .:6t/h20;E.�g5XÉ`7uG.:e8]7@r]7;G9lsxXU, X?;É93]_e¤Vqe8.0; Va2xX?gL.:6A9^VqY3]_;q\[Y1]W932xX[93]c/^eA]c/\[68Y1]_4í916A2x;q/ÈV	2x/1/{68Z?e8]_/_k0.:XB/3]7;q/È2 �r/36?ew, 2x;B/{]ë\[2x;?;?](X?;BVqe8.0;

P ′ sxXq]7et4j20;asxXq]ë\[](e , ]_/3Vq.x4j]0k06Ae?gL.l]7|56t/{93]7Y!X?;�93]7eaV?et.:;Vq.0Y1.0eAe8f7e8]>v
P ′ k5\[6t/{2x;q/ P ′′ � � .:6t/b/36 P ′ ;q]>Vq.x/3/3]>Vq.x/!Va.:Y O k P ′′ gL. �793Y1]>ew, 68@B.:u0]^\[] P ′ Vq.0Y!X?;q]hC?2x@r2:93Cq`j9368]h\?]47]7;G93Y1]

O
]j9l\[20;q4WeA]c/ë68;x91]7Y}/{XqZq/{]c4í916A2x;q/(Y1]_/3Va]c4í9368g0]c/ë\[] C .og0]c4 P ′ ]79 P ′′ gx20;G9h.:Xa/3/36�V	20X?gx2068Y>/{]z\[`_\[Xq6AY1]Wew, X?;q]\[]¡e , .:X[91Y3]�Va.:Y>Xq;?]WC?2x@�2093C?`79368]0� �U2xX[9&\_.rVa2xX?Yh\[68Y1]¡sGX?]¡/36Uew, 2x;Ì;?]¡/_, 68;G93`7Y1]_/1/3]WsxXU, vBet. �Rm 20Y1@r] �W\[]Wew, 68@B.:u0]W\?]

;?2093Y1]h47]7Y}4je8]0k02x;�V	]7X[9I`j91Xq\[68]7Y(\[]>mn. \j2x;=V?e8Xq/du0`_;?`7Y}.:e8]ëew, 68;G93]7Y}/3X?Zq/3]_4í916A2x;�\[] C Va.:YdX?;�V?et.:;�;?]hVa.0/1/3.0;x9bVq.0/bVq.:Y
O
/1.:;q/ë/3]¡/320Xq476A]_Y>\[Xèmn.06Â9hsGX�, 68e /3206A9>20Xè;?2x;Ì6A@B.:ux]W\[]

P
Vq.:Y>X?;?]W6t/{2x@r`j93Y168]W\[]Wew, ]c/{Vq.x4j]Wet.:6t/1/3.0;x9@_?|[]

O
� [ ]_/

68;G93]7Y}/3X?Zq/3]_4í916A2x;q/I/{2x;G9(47]�sxXq]�e , 20;è.:V?V	]7e8e8]W\[]_/)Y����B��^�G���í�
 � ; � � ��6�� �[?V@'?�A��'?UC �cY����B��KT��� Y��J� ^�G Z GX��� � � GX�J� F G 	 ��KT� 	 �
� � ��Y�EL� MD���E GX� �DY��T����^�G��#W�'��E[���GX��� �>���BE%W�%���B�JHQ�VWE1�
GX���������I� � �JK
	 �7��� ^�GX� � Z ����������� WGX�dGX� Y����JY���� R � �T��EL�J���_^�G��_� Z � �IK � � F[Z GX� �IY����B��^�G��#	�KT�)GX� � �����I� � �JK
	 �7��� ��WE��� Y����
� GX� � Y�������^�G�� R

`³e�iB.�93Y1206t/!/320Y393]c/!\[]l4j2x;?6tsxXq]_/_kGsGX?6�4j2xY3Y1]_/3Va2x;q\[]_;x9dv¡\[]c/!68;q4je868;q.:6t/{2x;q/-VqeAXq/d2xX=@r2068;q/!68@rVa2xY{9}.:;G93]c/-V	20X?Yde8]
V?et.:;�\[]ë4j2xX?V	]0�:+�]I47.x/ÈeA68@r6Â91]I]_/{9�47]7e8X?6q\[]Iet.#	�K��
K��������7k068e?4j2xY3Y1]_/3V	20;q\zv>X?;rV?et.:;�\[]ë4j2xX?V	]bVq.0Y1.0eAe8f7e8]IvhXq;?](\[Y32x6Â91]
(OM)

V	20X?YdX?;p47]7Y391.06A;=V	2068;G9
M
V?et.047`h/3X?YdeA]^4j]7Y}4je8]h\?]^\[`_Vq.:Y39_�5+�]c/!Vqe8.0;q/!@r2x6A;q/b68;q4je86A;q`_/I4j2xY3Y1]_/3Va2x;q\[]_;x9!v�4j]

sGX?]lew, 2x;.0V?Va]_eAe8]W\[]c/)�����e� 	 ��Wík	eA]c/IV?e8.0;q/IV?e8Xq/(68;q4je868;?`_/ëvr47]lsGX?]�ew, 20;è.:V?V	]7e8eA]W\?]_/#� �
	������
�T����}�
 � ; � � ��6����[?V@'?�A � ? � �T������� � Z K����eGX�J� F'Z GX� � �����e� 	 ��WN F'Z GX���_	�KT�JK����T��� ��E F'Z GX� � � �
	������������ R�� �)	�K� ��G����e����� F �
F �
Y��W���J�_���� 	������BE� � � Z ��� � ��� R

`³e-]7|56t/{93]rV?e8]768;�\�, .0X[93Y1]_/lV?Y1`_/3]7;G9}.L936820;a/^\?]_/l]7e8e86AVq/3]_/_� `³e-iÉ.et.V?Y3`c/{]_;G91.L916A2x;�.0;q.:e8iG936tsGX?]�sGX?6b4j20;a/{6t/R91]B/{68@ �
V?e8]7@r]_;x9rv \[68Y3]psxXU, X?;q]p4j2x;?6tsxXq]�]_/{9¡ew, ]_;q/3]7@¡ZqeA]\[]_/¡Va2x6A;G91/�\[X Vqe8.0;ïD V?Y12:�R]c4í916Âm1T¡\[]p472520Y}\[20;?;q`7]_/

(x, y)
93]_e8/

sGX?]
P (x, y) = 0

2��
P
]_/{9¡X?; V	20e8i5; a0@r]�\?]�\[]7uxY3`

2
]_; eA]c/¡\[]_X[|�go.0Y36t.:ZqeA]c/

x
]j9
y
��rd6A]_; ]7;G93]_;q\[X�k¤20;�]_/{9

4_.:Vq.0Z?eA]W.0XÌg5X \[]_/h4j25]Bn=4j68]7;G9}/>\[]¡\?6AY1]¡/36Uew, 2x; .=. lP.:68Y3]WvrXq;?]¡]_eAe86AVa/{]xkqX?;?]¡Vq.:Y}.:Z	20e8]�20XÌX?;q]WC5iGV	]7Y1Z	20e8]W@B.:6t/
et.B4j2x;q\[6A936820;è;�, ]_/{9>Vq.0/>sxXq]7etsxXq]W4}C?2x/3]�sxXq6UV	]7X[9h/3]�g02x6AYh\[6AY1]_4j93]_@�]_;G9_���>;?]¡.:X?93Y1]�V?Y3`c/{]_;G91.L916A2x;pV	2x/1/36AZ?e8]�]_/{9>et.
/3X?68go.0;G93]0��~h;É/3]z\[2x;?;?]zX?;?]z\?Y32x6Â91]

D
\?.0;q/heA]�V?et.:; V?Y12:�R]c4í916Âm-]79hX?;EVa2x6A;G9

F
;U, .0V?Vq.:Y393]_;q.:;G9^Vq.0/hv

D
�U~h;É/3]

\[2x;?;?]r.:Xq/1/36
e
X?;�Y3`_]7e-/{93Y1684j93]7@r]_;x9�V	2x/36Â916ÂmR� ~h;�/_, 68;G93`7Y1]_/1/3]�vew, ]_;q/{]_@¡Z?e8]B\[]_/lV	2068;G91/

M
91]7et/WsGX?]reA]BsGX?2:916A]_;G9

MF
MD = e

k:2 �
MD

\?`_/36Aux;?]ëet.�\[68/{91.0;q4j]h\[XBVa2x6A;G9
M
v�et.�\[Y32x6Â91]

D
� [ ]hsxXq]ëe , 20;r@r20;G91Y3]ë40, ]c/R9bsGX?]h4j]j9b]7;q/3]7@zZ?eA]

]c/R9dX?;?]l4j20;q68sGX?]h]j9(sxXq]ë932xX[93]l4j2x;?6tsxXq]>V	]7X[9 �j91Y3]h20Z[91]7;5X?]l.:68;q/{6wkG]j9(4j]h\�, .0X=V?e8Xq/I\[]7X[|Bmn.U\j2x;q/7kxeA]c/I\[]7X[|rmn.U\j20;a/
e820Y}/3sGX�, 68e[iz]_;=.l]Bl�]_4í916Agx]7@r]7;G9b\?]7X[|B/{]ë\?`_\[X?6t/1.:;G9!ew, X?;q]>\[]ëew, .0X[93Y1](Vq.0Y-X?;?]>/3i5@r`j93Y168]0�x+ vleA]ë9RiGV	]>\[]>e8.�4720;?6tsGX?]
/3]pe86A9B\?6AY1]_4j93]7@r]_;x9B/3X?Y

e
� �56

e < 1
2x; .�. lP.:68Y3]èvEX?;?]è]7e8eA68Vq/3]0k�/36

e = 1
4:, ]_/{9�Xq;?]èVq.:Y}.:Z	20e8]�]79r/36

e > 1
k

40, ]c/R9IX?;?]^C5iGV	]7Y1Z	20e8]0�o$>2x;?;?2x;q/dX?;pV	]7Xè\[]h93]_Y3@r68;?20e820ux6A]x�
F
/7, .:V?V	]7e8e8]hX?;IM�� �����z\?]het.z4720;?6tsGX?]0k

D
e8. F ���J��Y�E��W��Y��.x/3/32[4j68`7]hvr47]hm 2Lix]7YI]j9

e
]c/R9ëew,��JH7Y����BE��W��Y���E1�j� [ 2x;x91Y1.06AY1]7@r]_;x9Ivr4j]�sGX?]le , 20;Va2xX?Y1Y1.06Â9(4jY12068Y3]xk56Ae�;U, ]c/R9(Vq.x/I`7g568\?]7;G9

\[]W4720;q/{93Y1X?68Y3]xkqvrVq.0Y{916AY>\�, X?; 4�a0;?]¡]j9h\P, X?;ÌV?et.:; 4720X?Va.:;G9>4j]W4�a0;?]xkqe8]lm 2Li0]7Yh\[]Wet.B4j20;q68sGX?]�68;G93]7Y}/3X?Zq/3]_4í916A2x;Ì\[X
4�a0;?]�]79h\[X V?et.:;U�us-; Va.:Y3936t4jX?e86A]_Y_kq6Ae ]_/{9ëmn.:X[|ÌsGX?]We8]�m 2Li0]_Yë]_/{9h\[2x;?;?`WVa.:Yëet.=\[Y1206A93]

(OΩ)
]j9lsxXq]We8.B\?6AY1]_4j93Y16847]

]c/R9ë\[2x;?;?`7]lVq.0Y(eA]�Vqe8.0;pVq.0Y1.0eAe8f7e8]lv
P
Vq.x/3/1.:;G9(Vq.:Y

O
ka.ogx]_4heA]c/I;?2:9}.L916A2x;q/IV?Y1`_4j`c\[]7;G91]_/_�

`³eP]j|[6t/R91]�_a;q.:e8]7@r]7;G9(X?;?]�.0X[93Y1]^\?]_/14jY16AV[916A2x;p\[]c/I4j20;q68sGX?]c/dsGX?6PY1]7;G91Y3]^V?e8Xq/(\?.:;a/b;q2:93Y1]l4j20;G91]j|593]^68476P]j9ë\[2x;q4
;?2xXq/(.:e8e820;q/Iet.rV?Y1`_/3]7;G93]_Y_� �52x6Â9 C X?;?]W4j2x;?6tsxXq]W\?.:;q/ëeA]�V?et.:;èV?Y12:�R]c4í916ÂmR�	~h;Ì4720;q/368\?f7Y1]l476A;as=V	2068;x9}/ A k B k C k D]79
E
\[]_X[|vr\[]_X[|p\[6t/{9368;q4í9}/ë/{XqY C �

 � ; � � ��6�� �[?V@'?�A�=�� 3_4 576B8�97:<;��,; � 4 ����� ; � � ? � �T��EL�J���I^�G Z GX� 	������BE
M F G>	 ��K��a	 �
� � ��Y�EL� M>K
	Q	�KT�WE�������E �a��K

Y����B��^�G�� C �� ��E ���GX��� �>����E W�
[(EA) , (EB) , (EC) , (ED)] = [(MA) , (MB) , (MC) , (MD)] R



ó/�oô ��� ��� 	���������1�L��� � �L� ��� �! � �S����	��@�

A
B

C

D

E

M

 � ; � � ��6�� �'?�@%?�A �[? � � F � F GX���J�c^�G��[	�K��UY�����^ 	��T����E� F GD	 ��KT� 	 �J� � ��Y�EL� M
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� *�� �b8#" 5<9�41AB2�0(/ �
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A
\[]

N
m 20Y1@r`
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����Y
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	��W����E1��>^�G�� � Z ���a	���GXE,	���������_�P�JK����� ��� �����Ec��bc��Y�E������ �>����E R � K���Y�GX�����
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\[]
C
� $h6AY1]^sGX�, ]7e8e8]_/I/{2x;G9d\[6t/R916A;a4í93]c/7k?40, ]c/R9I]j|?.x4í93]_@r]7;G9I\?6AY1]hsGX?]lew, ]_;q/{]_@¡Z?e8]l\[]_/

b′ ∈ B 91]7et/(sGX?]
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f (b) < g (b)

]j9ësGX?]
f > g

\?.:;q/ëeA]�47.x/(4j2x;x91Y1.06AY1]0�
 � ; � � ��6�� �[?��[?V@ � ? � �T��EL�J��� ^�G��

C
� GX��� F � Y
��E �T� F �J� ���E GX� ������ �>����� ������� �T� F �T��� � ��E ^�G��)� Z ��� F ��� KT� F � C��WE%	 �
�
Y��V�� �>����E

αβ R

 � ; � � ��6�� �[?��[?V@ ='? � �\	��J��� F �J� ��� 	�K
	 ����� WGX�_���� � ��G�H F � � � � ���!WGP	�	����K��BE ^�G�� ���I� ���I���J� F[Z K��B� ��K�G�H �������
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KTGXE\�T�W�V�� ���IY
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ẋ+ ȧ = ḃ
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ẋ+ ȧ = ḃ
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GMGfGMGfGMGfGfG�GfGMGfGMGfGfGMGfGMGfG�GfGfGMGfGMGfGMGfGfGMGfG�GfGMGfGMGfGfGMGfGMGfG�G � � �
ko>.�/'*>@#L68�����	��
 GfG�GfGMGfGMGfGfGMGfGMGfG�GfGfGMGfGMGfGMGfGfGMGfG�GfGMGfGMGfGfGMGfGMGfG�G � � �H`,@�`>10

a
��� �R0$+/�23='(�2+R,�WE��D

n
GfGfGMGfG�GfGMGfGfGMGfGMGfGMGfGfG�GfGMGfGMGfGMGfGfGMGfG�GfGMG ��� �H`,@�`PEB2#;B2+-,.%¦GfGMGfGfG�GfGMGfGMGfGfGMGfGMGfG�GfGfGMGfGMGfGMGfGfGMGfG�GfGMGfGMGfGfGMGfGMGfG�G � ���

�$G � G �
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