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Résumé

Soient K un corps p-adique et Gx son groupe de Galois absolu. Soit K., ’extension de
K obtenue en ajoutant les racines p"-iémes d’une uniformisante fixée. Notons G C Gk le
groupe de Galois absolu de K. Dans cet article, on définit une classe de représentations
p-adiques de torsion du groupe G, que 'on appelle quasi-semi-stables. Nous montrons que
ces représentations sont explicitement décrites via une certaine catégories d’objets d’algebre
linéaire. Les résultats dans cette note doivent étre considérés comme une premiere étape dans
I’étude de la structure des représentations qui apparaissent comme quotients de deux réseaux
d’une représentation galoisienne cristalline (resp. semi-stable).

Abstract

Fix K a p-adic field and denote by Gk its absolute Galois group. Let K. be the extension
of K obtained by adding p"-th roots of a fixed uniformizer, and Goo C Gk its absolute
Galois group. In this article, we define a class of p-adic torsion representations of G, called
quasi-semi-stable. We prove that these representations are “explicitly” described by a certain
category of linear algebraic objects. The results of this note should be considered as a first
step in the understanding of the structure of quotient of two lattices in a crystalline (resp.
semi-stable) Galois representation.
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Introduction

Let p be a prime number and k a perfect field of characteristic p. Put W = W (k), the ring of
Witt vectors with coeflicients in k, and Ky = Frac W. Denote by o the Frobenius on k, W and
Ky. Let K be a totally ramified extension of K of degree e and Ok its ring of integers. Fix 7
an uniformizer of Ox. We denote by K an algebraic closure of K, by O its ring of integers and
by G its absolute Galois group. Fix a sequence (m,) of elements of K satisfying mp = 7 and
o = T Put K, = K(m,), Koo = U,,cy Kn and denote by Goo C Gk the absolute Galois
group of K.

We wish to study representations which can be written as a quotient of two lattices in a
crystalline or semi-stable representation. For technical reasons we have to make an assumption
on Hodge-Tate weights, namely, they all belong to {0,...,r} for a nonnegative integer r < p — 1.
The theory of Breuil modules then gives a description of these lattices in term of linear algebra:

there exists a category Mod;’g’N that is dually equivalent to the category whose objects are these

lattices. By mimicing the definition of Mod;’g’N, one can construct a category of torsion objects

Mod?’;f’N equipped with a contravariant functor, Ty, which takes values in the category of Galois

representations. When er < p — 1, we can prove that Mod;g;oN is an abelian category and Ty

is fully faithful (see [7]). However, these assertions are false if the assumption er < p — 1 is

removed. In this article, we draw a picture of this structure in a slighty different situation. More

precisely, we remove the operator N (that appears in the subscript Mod;’g’N) and study a new

category Mod;’;’. It is endowed with a functor Tys with values in a certain category of Goo-
representations, that we call quasi-semi-stable. We define a full subcategory Max%; and a functor
Max" : Mod;’g — Max;’g’ , which is a retraction (and a left adjoint) of the natural inclusion

Max;’gw — Mod;’goo and which commutes with T,s. We then prove the following (see Theorem

3.7.1 for a more complete statement).

Theorem 1. The category Max;’;; is abelian and artinian. Moreover, the restriction of Ty to

Max;’;oo is exact and fully faithful.

Of course, using duality, we can define the category Min;’b?oo and the functor Min" : Mod;’;f;c —
Max;’; ; they satisfy analogous properties as those stated in Theorem 1. In §3.6, assuming k to
be algebraically closed, we also provide a complete description of simple objects of Max;’g’w, and

by duality Min;’g’oc.

If r = 1, quasi-semi-stable representations are linked with geometry. In this case, the category
Mod;’goc is dually equivalent to the category of finite flat group schemes over Ok killed by a
power of p (see [4]). Under this equivalence, the functor Min" (resp. Max") corresponds to the
maximal (resp. minimal) models defined by Raynaud in [15]. The following result is then a direct
consequence of Theorem 1.

Theorem 2. The category of minimal (resp. mazimal) finite flat group schemes over O killed
by a power of p is abelian.

Finally, in the case r = 1, we can derive from our results a new proof of the following theorem.

Theorem 3. Let G and G be two finite flat group schemes over Ok killed by a power of p. Put
T=G(K), T =G'(K) and consider f : T — T" a Goo-equivariant map. Then f is Gk -equivariant.

Unfortunately, if 7 > 1, quasi-semi-stable representations no longer have a geometric interpre-
tation. Then it is difficult to derive concrete results from Theorem 1 in general. Actually, Theorem

1 should be seen as a preliminary study of the more interesting category Mod;’;?’N; a first part of

this work will be achieved in a forthcoming paper (see [8]).

Now, we detail the content of the article. First, we recall definitions of categories of Breuil
modules. This allows us to explain more precisely and more clearly our motivations and results.



In the second section, we introduce the category Mod":¢ /& and we prove that it is equivalent to
the category Mod . This result is interesting because it will be easier to work with objects of

Mod; ¢ Section 3 is devoted to the study of the structure of Mod/ = Mod/g : essentially we
give a proof of Theorem 1. Then, we assume r = 1 and show how the previous results easily imply
Theorem 3. The paper ends with some perspectives and open questions.

1 Motivations and settings

In the rest of the paper, we will make an intensive use of Breuil modules, so we gather below all
basic definitions about it. The reader may skip it in a first time and come back after when objects
are really used.

1.1 Breuil modules

Fiz a nonnegative integer r < p — 1. Recall that 7 is a fixed uniformizer. Denote by S the p-adic
completion of the PD-envelope of Wu] with respect to the kernel of the surjection Wu] — Ok,
u +— m (and compatible with the canonical divided powers on pWu]). This ideal is principal
generated by E(u), the minimal polynomial of 7w over Ky. The ring S is endowed with the canonical
filtration associated to the PD-envelope and with two endomorphisms:

e a Frobenius ¢: it is the unique continuous map o-semi-linear which sends u to u?

e a monodromy operator NN: it is the unique continuous map W-linear that sends u to —u and
satisfies N(zy) = N(x)y + N (y) for all z and y in S (Leibniz rule).

They satisfy N¢ = ppN. We have ¢(Fil"S) C p"S (recall r < p — 1) and we define ¢, = 1% :

Fil"S — S. Set ¢ = ¢1(F(u)): it is a unit in S.

g ¢’ whose objects are the following data:

First, we define a “big” category ’Mod
1. a S-module M;

2. a submodule Fil"M C M such that Fil"S M c Fil" M;
3. a ¢-semi-linear map ¢, : Fil"’ M — M;

4. a W-linear map N : M — M such that:

e (Leibniz condition) N(sx) = sN(z) + N(s)z for all s € S, z € M
o (Griffiths transversality) F(u)N (Fil"M) C Fil" M

e the following diagram is commutative:

Fil" M M
E(u)N \L l cN
. ér
Fil" M M

Morphisms in ’Mod%5 N are S-linear maps compatible with Fil", ¢, and N. There exists in

’Mod?’g’N a notion of exact sequence: a sequence 0 — M’ — M — M" — 0 is said exact if both
sequences 0 - M’ = M — M” — 0 and 0 — Fil'"'’ M’ — Fil'’M — Fil"M” — 0 are exact as
sequences of S-modules.

Now, we are ready to define full subcategories of ’Mod;’;’N. The first one is the category of

strongly divisible modules, denoted by Mod;’gf’N: it consists of objects M € ’Mod;’g)’N satisfying
the following conditions:

e the module M is free of finite rank over S



e the quotient M/Fil" M has no p-torsion;

e the image of ¢, generates M (as an S-module).

The second category is Mod?’gl’N: these objects are the M € ’Mod;’g’N such that

e the module M is free of finite rank over S; = S/pS;
e the image of ¢, generates M (as an S-module).

Finally, let Mod’;ﬁ’N be the smallest subcategory of ’Mod’;ﬁ’N containing Mod?ﬁl’N and stable

under extensions (i.e. if 0 = M’ — M — M" — 0 is an exact sequence in ’Mod;’g’N and if M’

and M are objects of Mod;g:v, then M is also).

The three former categories are equipped with a contravariant functor Ty which takes values
in the category of Z,-representations of Gg. On Mod;’g’N, it is defined by the formula

Tse(M) = Homyy g pv (M, Ast)

where Ay is a certain period ring, object of ’Mod;’g’N endowed with an action of Gg. We refer to

[2], §3.1.1 for the precise definition of Ag. On the category Mod;’g;N it is defined by
Ty (M) = Hom,,, d;ﬁ,N(M, Ay ®7, Qp/Zy).

We define similarly ’Mod?’g7 Mod;’g’7 Mod;’;’1 and Mod;ﬁm by forgetting the operator .

The three latest categories are equipped with a functor Ty with values in the category of Z,-
representations of Go,! (defined in the introduction): definitions are obtained by replacing the
period ring Ast by Acis. We have a collection of forgetful functors, and if M is an object of
Mod;’g’N (resp. Mod;’g;oN), there is a canonical and functorial G -equivariant isomorphism

Tst(M) = qut(M) (1)

(see Lemma 2.3.1.1 of [3]).

1.2 Aim of the paper

Semi-stable Q,-representations of G are classified by (weakly) admissible filtered (¢, N)-modules
(see [9]). Our motivation is to find a description of quotients of two lattices in such representations,
in term of some linear algebraic data. If Hodge-Tate weights of the semi-stable representations are
in {0,...,7}, such a description exists for lattices (stable by G):

Theorem 1.2.1 (Liu, [13]). The functor Ty from Mod;’;’N to the category of lattices in semi-stable
representations with Hodge-Tate weights in {0,...,r} is an anti-equivalence.

Furthermore, we have the following lemma:

Lemma 1.2.2. Let M’ C M be two strongly divisible modules such that M' @z, Q, ~ M @z, Q,
and FiI' M’ ®z, Q, ~ Fil'M ®z, Q,. Then M/M' is an object of ’Mod;’g’N and the following
sequence of G g -representations:

0— Ty(M) — Tyw(M') — HOm,MOd;,{?,N(M/Ml,ASt ®z, Qp/Zy) — 0
s exact.

Proof. The argument is the same as in Lemma V.4.2.4 of [6]. O

Based on the above results, we can draw a plan to study our representations:

1Tyst (M) is not endowed with an action of G since this group does not act trivially on u € Acyis-



1. recognize objects in ’Mod;’;’N that can be written as a quotient of two divisible modules as
in Lemma 1.2.2;

2. study the functor Hom.,; ,rs.~(—, Ast ®z, Qp/Z;p) on this subcategory.
/s

The aim of this article is to explain how the previous plan can be achieved for categories ’Mod;’ézs

and Mod;’g’ (instead of ’Mod;’g’N and Mod;’g’N). Precisely we prove that the category of torsion

quotients of two objects of Mod;’g is exactly the category Mod;’;5 , and then Theorem 1.

We can imagine that a representation arising from an object of Mod;’g should be just a lattice
in a crystalline representation, but unfortunately the situation is much more complicated. Lattices

in crystalline representations correspond to objects of Mod?ﬁ’N for which N(M) C (uS+Fil'S)M.

Let’s call Mod;’g’(N) their subcategory. One can easily prove that a IV satisfying the above condition
is necessary unique. However, the following lemma shows that it does not exist in general.

Lemma 1.2.3. Assume r > 2 and consider M the object of Mod;’g defined by the following
equations:

1. M= Se; @ Ses ;
2. Fi'M = E(u)" 215 + E(u)"esS + FilPS M ;
3. ¢(e1) = p*(e1 + ueq) and P(ez) = ues + es.
Then it is impossible to equip M with a monodromy operator N.

Proof. For simplicity, we assume e > 1 (the proof is little more technical when e = 1 and is left
to the reader in this case). Assume by contradiction that such an N : M — M exists. Put
x1 = N(ep) and x5 = N(ez). The relation N¢ = ppN implies the following equalities:

(S) : pr1 + puxy = ¢(x1) + puey
" uxy 4+ z2 = po(x2) + ue.

For all integer n, denote by J, the topological closure of the ideal of S generated by all #:), for

i > n. Here ¢(7) is the quotient in the Euclidean division of ¢ by e. The first equation of (.5)
implies ¢(z1) = pr1 (mod Jy). Since S/J; ~ W, this congruence proves that x; € J; M and then
¢(x1) € ¢(J1) C Jp. By the same way, it follows from the second equation of (S) that zo = p(z2)
(mod Jy), and then ¢(z2) € J,. Resolving (5), we get:

2
e+
02

Tr1 = —

u
. i (mod J,M)

which gives ¢(x1) = uPey (mod Jp41M). Hence, ¢(z1) is not divisible by p in S (here, we use
e > 1). But, on the other hand, the first equation of (S) shows directly that ¢(z1) have to be

divisible by p. This is a contradiction. O

Briefly, we have an inclusion Mod;’g’(m C Mod;’g but it is always strict if » > 1. We call

Goo-representations arising from objects of Mod;’g quasi-semi-stable representations. Note that if
V is a lattice in a semi-stable representation of G, its restriction to G is quasi-semi-stable?.

2 The category 1\/[od7/"’(f§0o

The case of quasi-semi-stable representations is simpler because we may use an alternative category
(defined by Breuil and studied by Kisin) to describe them. In this section, we give definitions and
basic properties of this category and we prove that it is equivalent to the category of Breuil modules.

e
/57
quasi-strongly divisible lattices, which is anti-equivalent to the category of Go-lattices in semi-stable representations.
See [13] for details.

2The converse is not true in general. In fact, there exists a full subcategory of Mod whose objects are called



2.1 Definitions and basic properties

When dealing with Mod;’gw, we may relax the condition 7 < p — 1 and assume only r €
{0,1,2,3,...,00}. So, from now on, except if the contrary is explicitely mentionned, we work
in this more general setting.

Linear algebraic objects

Set & = W{[u]] and endow it with a Frobenius ¢ : & — & defined by:

¢ <ZO anun> = Z o(an)uf"™.

n=0

Put 61 = 6/p6 = k[[u]]. Asin §1.1, we define some categories of modules over &. First, the “big”
category ’Mod;’g: if r is finite, its objects are the &-modules 91 equipped with a ¢-semi-linear
endomorphism ¢ : 9T — M such that

E(u)"M C (im ¢) (2)

where (im ¢) denotes the &-submodule of 9t generated by the image of ¢. If ¢*M = & ®(4),s M,
the previous condition is equivalent to ask the cokernel of id ® ¢ : ¢*9 — M to be killed by F(u)".
If r = oo, we ask condition (2) for a non fixed integer r: in this way, ’1\/Iod(/xé_;q5 is just the union

(in an obvious sense) of all categories ’Mod;’g for r finite. Morphisms in ’Mod;g are just G-linear
morphisms commuting with Frobenius.
Now, we define full subcategories of ’Mod;’g. The category Mod;’g (resp. Mod;’gl) gathers

all objects 9 € ’Mod;’é’ free of finite rank over & (resp. over &p), whereas Mod;’goo is the
smallest subcategory of ’Mod?’g containing Mod;’é’1 and stable under extensions®. For simplicity,
we also define the category ’Mod;’gw as the full subcategory of ’Mod;’é5 gathering all objects killed
by a power of p. Obviously Mod%)oc C ’Mod;gw. The following proposition summarizes basic

properties of these modules.

Proposition 2.1.1. (i) Let M € Mod"2

/S Then id ® ¢ : ¢*M — M is injective.

(i) Let M be an object of ’Mod;’g. Then M is in Mod;’gc>o if and only if it is of finite type over
&, it has no u-torsion and it is killed by a power of p.

(iii) The category Mod;’g is stable under kernels and images.

Proof. See [14], §2.3. O

The relation between Mod;’g& and ’Mod;’g’ is given by the functor Mg : Mod’}"é’m — ’Mod?’g
defined as follows. Let 9t be an object of Mod?’gm. As an S-module, Mg _ (M) = S®(4),c M where

the subscript “(¢)” means that S is considered as a &-module via the composite & — S — S, the
first map being the canonical map and the second the Frobenius ¢. The Frobenius on 9 induces
a S-linear map id ® ¢ : M — S ®g M. We then define Fil" M by the formula

Fill M = {z e M, (id® ¢)(z) € Fil'S s M C S @s M)} .
The map ¢, is given by the following composite:

id® ~®id
Fi' M 22 Firs s m 2228 A1

Identical constructions give rise to an other functor Mg : Mod%’ — ’Mod;’g’.

3 An sequence of objects of ’Mod;’é’ is said exact if it is exact as a sequence of G-modules.



Proposition 2.1.2. The functor Mg__ (resp. Mg) takes values in Mod '~ (resp. Mod )
Moreover, both functors are exact and fully faithful.

Proof. The case r = 1 is done in proposition 1.1.11 of [11]. The same proof works for any r. O

Proposition 2.1.3. Let 9 C M be two objects of Mod;’g such that M' @z, Q, ~ M @z, Q,.
Then the quotient M = M /M’ is an object of Mod“Zb . Moreover, the sequence

0— Mg(M') — Mg (M) — Ms__ (M) — 0
is exact.

Proof. The first statement is proved in Proposition 2.3.2 of [14]. For the second one, the proof is
the same as for the exactness of Mg __. O

Functors to Galois representations

We recall the construction of the functor 'Ts_ from ’Mod;’goo to the category of Z,-representations
of Go,. First, we define several rings. Put R = @OK /p where the transition maps are given
by Frobenius. There is a unique surjective map 6 : W(R) — (/Q\f( to the p-adic completion 6\[(
of O, which lifts the projection R — Oy /p onto the first factor. Recall that we have fixed a
sequence (7y,)n>0 of compatible p™-th root of 7. It defines an element of R and we denote by [x]
its Teichmiiller representative. We have an embedding & — W(R), u +— [x] which is compatible
with Frobenius.

Let O¢ be the p-adic completion of G[1/u]. It is a discrete valuation ring with residue field
E((u)). Put & = Frac Og. The embedding & — W (R) extends to an embedding & — W (Frac R).
Let &' be the maximal unramified extension of £ included in W (Frac R)[1/p] and Ogur its ring
of integers. Since Frac R is algebraically closed (see [10], §A.3.1.6), the residue field Ogur/p
is isomorphic to k((u))*P, a separable closure of k((u)). We will consider the tensor product
Ogur ®z, Qp/Zy = E™/Ogur. It is an object of ’Mod?g endowed with an action of G

Finally, the functor 'Ts__ is defined by the formula

T (M) = Homygo 0 (M, Opur @2, Qp/Zy)

for each 9 ¢ ’Mod;gw. The restriction of "Ts_ to the subcategory Mod;’é’w is denoted by Ts_,

If 91 € Mod” ¢

/&, the formula for T (91) can be simplified as follows:

Ts. (M) = Hom,MOd;g (M, Ogur [p) = Hom,MOd;g (O, k((u))°P).

Proposition 2.1.4. The composite Tyt 0 M is Ts,, and it is an exact functor.

IfMm e Mod;’g1 is free of rank d over &1, then Ts_ (9M) is a vector space of dimension d over
F,.
Proof. Tt has been proved in §B.1.8.4 and §A.1.2 in [10]. O

Lemma 2.1.5. Let MM € Mod;g - Then Nyerq__ (om ker f = 0.

Proof. First, we show the lemma for 9 € Mod;gl. Put R = ﬂfeTeoo(ﬂﬁ) ker f. Since u in
invertible in k((u))*P, the quotient /K has no u-torsion and by proposition 2.1.1 (ii), it is an
object of Mod;’é’l. Furthermore, by definition of &, the map 9 — 9t/K induces a bijection
Tes. (M/R) — Ts_ (M). By proposition 2.1.4, modules M/R and M have same rank and hence

R = 0 as required.

It remains to prove that if 0 — 9V — 9T — 9" — 0 is an exact sequence in Mod"? /6., and if the
conclusion is correct for 9" and 9M”, then it is also correct for M. Let z € M such that flz)=0
for all f € Tes__(OM). If y € 9M” is the image of x, we have g(y) = 0 for all g € Ts__ (9M). Thus
by assumption y = 0, and hence x € M'. Let g € Ts__ (IM'). By exactness of Ts__ (proposition
2.1.4), g can be extended to a map f € Tg_ (9M). We certainly have g(x) = 0. Then, using the
assumption on 9, we finally get = 0. O

Corollary 2.1.6. The functor Ts_, s faithful.



2.2 An equivalence of categories
The aim of this subsection is to prove the following theorem.

Theorem 2.2.1. Assume r < p— 1. The functor Mg : Mod;’g — Mod;’g is an equivalence of
categories.

The full faithfulness was already seen (Proposition 2.1.2). Hence it remains to prove the essential
surjectivity. Let M € Mod;’g and denote by d its rank over S. The heart of the proof is the
following technical lemma.

Lemma 2.2.2. With previous notations, there ewists a,...,aq € Fil' M and a basis e, . ..,eq of
M such that e; = C% dr(ay), (a1,...,aq) = (e1,...,eq)B with B a d x d matriz with coefficients
n & and

d
Fil'M =Y Sa; + Fil’ SM. (3)
i=1
Proof. If R is a ring, we denote by My(R) the algebra of d x d matrices with coefficients in R.
We first show that we can inductively construct (o (n ), cey ozt(in)) € Fil" M such that

1. (e§”>, ... ,e((i”)) = c‘rqﬁr(al" ,...,a&” ) is a basis of M;

2. there exist matrices B(™ € My(&) and O™ € My(p"Fil"™?S) such that (« (n), e ,04((1")) =
™, .. i (B 4 o).

For n = 0, the result is a consequence of (the easy part of) Lemma 4.1.1 of [13]. Note also that

(0)

property (3) is satisfied with «; ’ instead of ;. Now, assume that the agn)’s are build. We put

(@ ety = (e B, (4)
First remark that
(egnﬂ), ... ,eEInH)) = ¢ ooy (n+1) . ,a((inﬂ))
= (@™, . ) — (e, ... ) om))
= ", )1 - D)
where ¢ "¢, ((e (n)7... ("))C( ) = (e; m (n))D(" We claim that p*»*" divides D™ with

An = ntp—r— [”“’] Recall that for all s 6 Fll S and z € M we have ¢,.(sz) = ¢ "¢ (8)dr(E(u) ).

Moreover, by assumption, C(™ € My(p"Fil"™”S). So to prove the claim it suffices to show that
vp(@r(s)) = A, for all s € Fil"*?S. Since s can be always represented by

5= z am(u)%, am(u) € Wlu], am(u) — 0 p-adically
m=n-+p ’

and ¢(E(u)) = pc, we reduce the proof to show that
mfvp(m')fr>nerfrfni—H;7 forany m>n+p
p—

m

which is clear, using v,(m!) <

p—1°
It is easy to check A, > 1. Since p*»+7|D™ (I — D) is invertible and (e{"*", ..., eglnﬂ)) is
a basis of M. Now by (4), we have
@™ Tty = (e S BM = (D ety (1 — pm)y =g,

Put A = (I — D")~1B(M™. To achieve the induction, it remains to write A = B+1) 4 ¢(+1)
with B+ € My (&) and C( Y ¢ Md(anFﬂ"“*pS). For that, write D(™ = p**"E(™) and

n+p )

(n)_zb

E™ 4 B™

i=n+p+1



with b;(u) € W[u]. A simple computation on valutation gives a — € Zy, for all i <n+p. Thus
D(”) prntn E(”) € My(6). The conclusion then follows by expanding the series

(D" + D3y B™

o

I
=}

A=

?

where D" = pr S € My(p" IR PS).

To complete the proof of the lemma, remark that (4) implies

PR )

@ ety — (@l ey = =M, e, (5)

(n )) (n)

Hence all sequences («; converge (recall that p™ divides C (")). The convergence of all e;"’ and
then those of matrices B(™ follows. If a; (resp. B) is the limit of 041(") (resp. B™), we have
Or(ar,...;aq) = ¢ "(e1,...,eq) and (aq,...,aq) = (e1,...,eq4)B with B € My(&). It remains
to check property (3). For that, we can reduce modulo p and noting «; = az(-o) (mod p), we are

done. O

Now, it is more or less easy to achieve the proof of theorem 2.2.1. First, we show that there
exists A € My(6) such that BA = FE(u)"I. Indeed, since F(u)"e; € Fil"M for all i, condition
(3) implies that there exist matrices A’, C' such that BA' + C' = E(u)"I and C" € My(Fil’S).
Writing A" = Aj + A} with Af € My(Wlu]) and A} € My(FilPS), we may assume A" € My(Wu]).
Then C’' = E(u)"I — BA’ has coefficients in & NFil’S. Therefore, C' = E(u)?C with C € My(6).
Now BA' = E(u)"(I — E(u)P~"C) and A = A/(I — E(u)P~"C)~! € My(&) is appropriate. Finally,
we defined M =S f; @ -+ ® 6 fy and we endow it with ¢ given by ¢(f1,..., fa) = (f1,..., fa)A
It is then an easy exercise left to the reader to ckeck that Mg (9) = M as desired.

2.3 Consequences
The first consequence is the extension of the equivalence on torsion objects.

Theorem 2.3.1. Assume r < p — 1. The functor Mg_, : Mod;goo — Modv/"’;soo is an equivalence
of categories.

Proof. Tt remains to show the essential surjectivity. Let M be an object of Mod;’;?m. By Theorem
V.2.a of [6], there exist two objects M and M’ in Mod’, /é together with an exact sequence
0—-M —>M-—M—0in ’Mod;g Now, by Theorem 2.2.1, one can lift the canonical inclusion
LM — M at Mod;’é)x—levelz there exist 9, M’ in Mod;’goo and f : 9 — 90 a morphism in this
category such that Mg (f) = ¢. The map F = Tg(f) is an injective application between two free
Z,-modules of same (finite) rank. Consequently, there exists G : Te(9) — T (M) (necessarily
G so-equivariant) such that F oG = G o F' = p"id for an integer n. By full faithfulness of T, there
exists a map g : Mm — M satisfying fog = go f = p"id. It follows that f ®z, Q, is bijective.

Then we can apply Proposition 2.1.3: 9t = 90t/9’ is in Mod/6 and Mg __ (M) = M. O

Proposition 2.3.2. Assume r < p—1 and choose Msoo a quasi-inverse of Mg __. If f : M — M’

is an injective (resp. surjective) morphism in Mod;’s , then Mg_(f) is also. Moreover, the functor
Ms_ s exact.

Proof. Let f: M — M’ be a morphism in Mod;’goo. Put M = Mg (M), M = Mg_(M’) and
9= Ms_ (f)

Assume f injective and denote by K the kernel of g. By Proposition 2.1.1 (iii), we have
R e Mod;¢ . Put K = Mg_(R). Let h : K — M Dbe the image under Mg_, of the inclusion
R — M. The composite f oh is zero and since f is injective, h = 0. By faithfulness, the morphism
R — I vanishes, and consequently & = 0 and g is injective.

Now suppose f surjective and denote by € the cokernel of g. We have S®(4) s € = 0. Reducing
modulo p, we get 51 ®(4),s, €/p€ = 0. Since €/p€ is a module of finite type over the principal ring



E[[u]], it is a direct sum of some k[[u]] or k[[u]]/u™ for suitable integers n. By computing the tensor
product, it follows that the only solution is €/p€ = 0, i.e € = p€. Since € is finitely generated,
Nakayama’s lemma gives € = 0 as required.

For the exactness, take 0 — M’ — M — M” — 0 an exact sequence in Mod"¢ / 5. We know

that Mg_ (M) — Mg, (M") is surjective. Call £ its kernel: it is an object of Mod/6 and we have

an exact sequence 0 — & — Mg (M) — Mg_(M") — 0. Applying the exact functor Me_, we
see that Mg __ (R) is the kernel of M — M". Hence, it is isomorphic to M’ and we are done. [

Remark. Although the functor Mg __ is exact, the implication (f injective) = (Mg_ (f) injective)
is not true if er > p — 1. Here is a counter-example. Take M = &; with ¢(1) = 1, M = &,
with ¢(1) = vP~! and f : M — M, 1 — u. It is injective. However, M = Mg__ is just Sy
endowed with Fil”S; and the canonical ¢,. On the other hand, M’ = S;, Fil' M’ = ye Pt A’
and ¢, (u¢""P+1) = ¢". The map Mg __(f) is the multiplication by u? and sends u(*~Y? to 0; hence
it is not injective.

Corollary 2.3.3. Assume r < p—1. Functors Tys on Mod;’g5 and Ty on ModT ¢ N are faithful.

Proof. For Ty, it is a direct consequence of Corollary 2.1.6 and Theorem 231. Let f: M — M

be a morphism in Modr &N Tt can be seen as a morphism in Mod and we have Ty (f) = T (f)-
If this morphism vamshes then f have also to vanish thanks to the faithfulness of T4st- This proves
the corollary. O

Theorem 2.3.4. Assumer < p—1. Let M’ C M be two objects of Mod g such that M' @z, Q,, ~
M@z, Q, and FiI' M’ @z, Q, ~ Fil' M ®z,Q,. Then the quotient M /M’ is an object of Mod/s

Furthermore every object of Mod;’g can be written in this way.

Proof. For the first part of the theorem, we use a similar argument as in the proof of Theorem
2.3.1. Let 9" — M be an antecedent of the inclusion M’ — M. We first show that I’ ®z, Q, ~
M ®z, Qp, and then by using proposition 2.1.3, we get Mg__ (9/MM') = M/M'.

The second part is again Theorem V.2.a of [6]. O

Remark. The condition Fil"' M’ ®z, Q, ~ Fil'M ®z, Q, is equivalent to Fil"M" = M’ N Fil" M.
Indeed, if z € M’ NFil"M then z € Fil' M’ ®z, Q, = Fil'M ®z, Q, and p"z € Fil"M’ for a
suitable integer n. Since, by definition, M’/Fil" M’ has no p-torsion, we must have z € Fil" M’.
The converse is easy.

2.4 Duality

In [14], §3.1, it is defined a duality on Mod;’goo for all r < co. For M € Mod;goo, we put
MY = Home (M, 6 @z, Qp/Z;). We then have a natural pairing:

() :Mx MY — & ®z, Q,/Z,
which allows us to defined ¢" on 9tV by
((2), 0" (y)) = g "E(uw)" ¢({(z,y))

(for all z € M and y € MY) where ¢y = @ € W* and the latest ¢ is given by the usual operator
on &. Here are main properties of the duality. We have a natural isomorphism (9")Y ~ 9, and
a compatibility between duality and Ts_, given by the following functorial isomorphism:

Ts,. (M) = Te, (M) (r). (6)

where “(r)” is for the Tate twist.

If r < p—1, we can also find in the literature (see [6], Chapter V) a definition of a duality on

Mod?;’ In a few words, if M is an object of this category, we put M"Y = Homg(M, S®z, Q,/Z,),
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Fil' MY = {f e MY, f(FiI'M) C Fil"S ®z, Qp/Z,} and if f € Fil"MY, ¢/(f) is defined as the
unique map making commutative the following diagram:

r

Fil" M M

fJ/ id(f)

Fil"S ®z, Qp/Zy s ®z, Qp/Zy

We wish to compare these two constructions if » < p — 1. For that, we put

A:ﬁqﬁ”(E(w)eS.

C
n=1 Pco

Now, strating from 91 € Mod;’é’w, we can define a natural map

1
Mg, (M) = Mg (M)Y, s@ f— 3 5f

(&

A direct calculation gives ¢(\) = m% which implies that the previous isomorphism is compat-

ible with ¢, and hence a morphism in Mod;’g . Hence, dualities on Mod;’g and Mod;’g are
compatible under the equivalence Mg, .

Corollary 2.4.1. Assumer < p—1. For any M € MOd%)oo’ there exists a natural isomorphism
M — (MY) and a natural isomorphism:

Tast (M) = T (M) (1).

Remarks. Corollary 2.4.1 is proved (with different methods) in [6] under the assumption er < p—1
orr=1.
In loc. cit., definition of duality is extended to Mod;’;’N: the operator NV on MYV is defined

by the formula NV(f) = No f— fo N (where N is the given operator on M). Using isomorphism
(1), we directly obtain a version of Corollary 2.4.1 in this new situation.

3 A construction on Mod;’g
o0

In this section, we construct the functor Max” discussed in the introduction and then prove Theorem

1.

The main ingredient of the proof is Theorem 2.3.1, together with a result of Fontaine (recalled
in §3.1) that claimed an equivalence between the category of torsion Z,-representations of Guo
and a certain category of torsion ¢-modules over Og¢. Indeed, under these identifications, the
functor T just corresponds to the scalar extension from &, to £/Og. Our first step, which is
achieved in §3.2, is then a somehow careful study of lattices in some Og-modules equipped with a
Frobenius endormorphism: we essentially investigate their behaviour under sums and intersections,
prove some finiteness properties and conclude to the existence of a maximal lattice among those

corresponding to objects of Mod;’gw. This allows us finally to define Max” by associating to each

M e Mod;goo the maximal lattice in M ®@g_, £/O¢ (see Definition 3.3.1). In §3.3, we enumerate
several pleasant properties of Max” and, in particular, we prove that its essential image is an
abelian category on which the functor Ty is fully faithful. In §3.4, we develop the dual version of
the theory by regarding minimal lattices (instead of maximal ones) and defining a functor Min".
Again, we prove that its essential image is abelian and the restriction of T4e to this subcategory
is fully faithful. We then go back to the study of maximal objects: in §3.5, we prove a certain
reciprocity formula which computes Max" (M) from Ty (M). In §3.6, we give a classification of
simple objects of Max"(Mod;’gw) (recall that it is an abelian category) when the residue field k is
algebraically closed. Finally in §3.7, we summerize all our results and translate them in term of

category Mod?ﬁw .
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) ¢
3.1 The category MOd/Og

Let’s recall classical results about the classification of Z,-representations of G. Denote by
’Modj’ag the category of torsion étale ¢-modules over Og. By definition, an object of ’Mod‘fog is

an Og-module M killed by a power of p and equipped with a Frobenius ¢ : M — M that induces
a bijection id ® ¢ : ¢*M — M (where ¢* M = Og ®(4),0, M).

Remark. Since we are only interested in p-torsion modules, the definition does not change if we
substitute the ring &[1/u] to Og (in other words, we do not need to complete p-adically). In the
sequel, we will just work with &[1/u].

We have a functor "Tp, : ’Mod?og

’Tog (M) = Hom,MOd7og (M, Ogur ®Zp QP/ZP)'

— Repy, (Go) defined by

Theorem 3.1.1. The functor Tp, is exact and fully faithful.
Proof. See [10], §A.1.2. O

Furthermore T, factors through Ty, as follows: if 'Mp, : Mod;’goo — ’Mod?og is defined
by "Mo. (M) = M Qs Oz = M Qs S[1/u] (since E(u) is invertible in Og, the map id @ ¢ :
* Mo, (OM)] — Mo, (M) is bijective), the equality 'Ts_ = To, o "M, holds. In a slightly
different situation, Mo, is the functor j* of [10]. From now on, we will use the notation 9[1/u]
for "Mo, (901). In [10], Fontaine defines an adjoint j, to his functor j*. In the sequel, we will adapt
his construction to our settings.

3.2 The ordered set Fg(M)

In this subsection, we fix M € ’Mod¢ . Our aim is to study the structure of the “set” of previous
images of M under 'Mp,. We begin by the following definition:

Definition 3.2.1. Let FZ (M) be the category whose objects are couples (9, f) where 9 is an
object of Modr ¢ and f: M[1/u] — M is an isomorphism. Morphisms in Fg (M) are morphisms
in Mod /’g that are compatible with f.

Let Fg(M) be the (partially) ordered set (by inclusion) of 9t € Mod?’goo contained in M such
that 91 /u] =

The following lemma is easy:

Lemma 3.2.2. The category Fg(M) is equivalent to (the category associated to) the ordered set

Supremum and infimum
Proposition 3.2.3. The ordered set FG(M) has finite supremum and finite infimum.

Proof. Obviously, it suffices to prove that for any 9t and 9 in FE(M), sup(9,9MM") and
inf (90, 9M") exist.

For the supremum, it is enough to show that 9T = 9 + M” (where the sum is computed in
M) is an object of Mod}”’goo (it is obvious that 9M[1/u] = M). For this, remark that 9t satisfies
Condition (2) defined page 6 (since 9" and 9M” satisfy it). The conclusion then follows from
Proposition 2.1.1 (ii).

In the same way, for the infimum, we want to prove that 9t = 9V N M satisfies M[1/u] = M
and is in Mod;’gm. Since M’ is finitely generated, there exists an integer s such that w90 C I

and the first point is clear. Now, let z € 9. Because 9’ and M are in Mod;’g , there exists
' € ¢*M and 2" € ¢*IM” such that E(u)"z = id ® ¢(z') = id @ ¢(z”) (if r = oo, it must be
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replaced by a sufficiently large integer). By definition, id ® ¢ is injective on ¢*M. It follows that
¥ = 2" € ¢*IM. Consequently, Condition (2) holds for M. Moreover, since & in noetherian,
M C M is finitely generated over &. Finally, it is obviously killed by a power of p, and without
u-torsion. Proposition 2.1.1 ends the proof. O

Some finiteness property

Lemma 3.2.4. Fiz M € FE(M). There exists an integer ¢ (depending only on M) such that
lgs (/M) < £ for any M € FE(M) with M C M.

Proof. First, we prove by dévissage that it is sufficient to consider the case where M is killed by
p. Denote by DM(p) (resp. M'(p)) the kernel of the multiplication by p on 9 (resp. M’). We have
the following commutative diagram:

0 ——=M(p) —— M —— M/M(p) ——0

{ | {

0——=M(p) —= M ——M/M(p) —0

where both horizontal sequences are exact, and all vertical arrows are injective. Snake lemma then
shows that the sequence 0 — Eg;;((;’)) — 993; — g:;ggg g — 0 remains exact, and we are done.

If M is killed by p, the argument is the following. Since id ® ¢ : ¢*I — 9N is injective
(Proposition 2.1.1 (i)), the map MM/u9M — (im ¢) /u (im ¢) induced by ¢ is also injective. By
definition, there exists an integer s such that F(u)*9 C (im ¢). (If r is finite, one can choose
s =r.) We then have the implication

(z & udM) = (H() & u®+'M). (7)

Furthermore, there exists an integer n such that «"9% C 9. Choose n minimal (not necessary
positive). Then we can find x € M such that u"~*x & M. Therefore u"z € M but u"z ¢ uIN.
Applying Implication (7), we get ¢p(u"x) & u®TIOM, that is to say u"d(z) ¢ u'Tes— =9, On
the other hand, u"¢(z) € w9’ C M. It follows 1 +es — (p —1)n = 0. Thus n < t = B(SH)
(here E denotes the integer part). From u™O C 9M, we get u'9' C M and Lemma is proved

Lemma 3.2.5. Assume r < oo. There exists an integer { (depending only on M) such that
lgs (/M) < £ for any M and M’ in FE(M) with M C M.

Proof. The proof of Lemma 3.2.4 shows that £ can be chosen equal to lgp, (M) x E(ep’jrl1 ), which
depends only on M. O

Corollary 3.2.6. The ordered set FE(M) always has a greatest element. Furthermore, if r < 0o,
FE&(M) has a smallest element.

Remark. The proof of Lemma 3.2.4 gives an upper bound for the length of any chain in Fg (M),

that is: |
er +
1—Hg05(M)XE(p—1)'

In particular, if er < p—1, the set F& (M) contains at most one element. This latest assertion will
be used several times in the sequel.

Functoriality

In view of possible generalizations, we would like to rephrase quickly previous properties in a more
categorical and functorial way.

Proposition 3.2.7. The category Fs(M) has finite (direct) sums and finite products.

13



Proposition 3.2.8. The category Fes(M) is noetherian in the following sense: if

: Jn— n
m, f1 M, f2 1 m, f

s an infinite sequence of morphisms, all f, are isomorphisms for n big enough.

If r is finite, the category Fe (M) is artinian in the following sense: if 9y il Mo LI s
an infinite sequence of morphisms, all f, are isomorphisms for n big enough.

Proposition 3.2.9. Let My, ... M, (resp. M, ... M) ) be objects of Fs(M) (resp. Fs(M')). Let
fi 9, — ML be morphisms in Mod;’é’m, Put M = sup(My, ..., My,) and M = sup(M), ..., 0).
Then there exists a unique map f : MM — M’ making commutative all diagrams

Vo,
M — N
We put f =sup(fi,..., fn).
Furthermore, the association (fi1,..., fn) — sup(fi,..., fn) is functorial in an obvious sense.

Remark. Of course, the analogous statement with inf is also true.

Important remark. Since "Tp, is fully faithful, the functor Me, can be replaced by T in definition
3.2.1. Hence, it is possible to define supremum and infimum without reference to the auxiliary
category ’Modj’og.

3.3 Maximal objects

In this subsection, we give (and prove) some pleasant properties of objects arising as the greatest
element of one set Fg(M).

The functor Max"

Definition 3.3.1. Let 9 € Mod?’éoc . We define Max" (91) to be the greatest element of Fg (9M[1/u]).

It is endowed with an homomorphism (2% : 9 — Max" (901) in the category Mod;’g .

An object 9 of Mod;gw is said mazimal (in Mod;’é’m)4 if the map (™ is an isomorphism.

Remarks. By §B.1.5.3 of [10], a ¢-module over & killed by a power of p satisfies Condition (2) with
r = 0o, if and only if id®¢ : ¢*IM[1/u] — IM[1/u] is bijective. It follows that for any I € Mod?‘éi,
Max(9M) = j,(M[1/u]) where j, is the functor defined in §B.1.4 of loc. cit.

In general, Max” (9) and Max" ! (90) does not coincide. For instance, take 7 such that er > p
and consider M = Se; & Ges with P(ey) = uey + u"ey and ¢(ez) = uPey. Then I is maximal
in Mod;’gw but not in Mod,£"? since the submodule of 9M[1/u] generated by e; and 2 is in

/Sos
1
F&™H (M1 /u]).
Proposition 3.3.2. The previous definition gives rise to a functor Max" : Mod;’gm — Mod;’gm.

Proof. We have to prove that any map f : 9t — 9 induces a map Max" (9) — Max" (9'). Let

g = f ®s 6[1/u]. By proposition 2.1.1 (iii), g(Max"(90)) is in Mod;’gm. Hence g(Max"(901)) C

Max"(991") and we are done. O

m

2 ) defines a natural transformation between the

Remark. The collection of homomorphisms (¢
identity functor and Max".

We now show several properties of Max".

4When the value of r is clear by the context, we just say mazimal.
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Proposition 3.3.3. The functor Max" is a projection, that is Max" oMax" = Max". In particular,
for any M € Mod;’gm, the object Max" (9M) is mazximal.

Proof. Just remark that Max"(9)[1/u] = IMM[1/u]. O
Proposition 3.3.4. The functor Max" is left exact.

Proof. Let 0 — 9V — MM — M” — 0 be an exact sequence in Mod;’gw. We have the following
commutative diagram:

0 om’

=

m” 0

o’ m om!!
l LIIlaX Lmax LI[I&X

0 —— Max" (9') —— Max" (M) — Max" (IM")

|

0—— M1/ u] —— M[1/u] ——— M"[1/u] ——0

-~

S

where the first line is exact by assumption and the last one is also exact because of the flatness of
S[1/u] over &. We have to show that the middle line is exact. Injectivity is obvious.

Let’s prove Max" (9) = Max" (9) N 9 [1/u]. The inclusion C is clear. Now, remark that
M, e = Max"(91) N ' [1/u] is a S-submodule of M'[1/u] of finite type, which is stable under
¢. Let © € M, ... Then there exists y € ¢*Max"(9M) and z € ¢*M'[1/u] such that E(u)"z =
id® ¢(y) = id ® ¢(z) (if r = oo, it must be replaced by a sufficiently large integer). Since
id® ¢ : ¢*M[1/u] — M[1/u] is injective, we have y = z € ¢*IM .. Hence M, .. is an object of

’Mod;’é’ and the claimed equality is indeed true. This gives directly the exactness at middle. [

X

Remark. Unfortunately, Max" is not right exact (even on Mod’/"’gl) if er > p — 1. For instance,
consider M = S1e; O Giey equipped with ¢ defined by ¢(e1) = e; and ¢(e2) = ue; + uP~les.
Denote by 9t the submodule of 91 generated by e;. We can easily see that 9T and 9 are both
mazximal objects of Mod;gl. However, /9 is isomorphic to &; with ¢(1) = uP~1. It is not

maximal since %61 is finitely generated and stable under ¢.

Proposition 3.3.5. Let M € Mod;’é’m. The couple (Max"(9M), ™ ) is characterized by the
following universal property:

m

e the morphism TGOC (Lmax

) is an isomorphism;
e for each couple (I, f) where M € Mod;’gw and f : MM — M becomes an isomorphism
M

max -

under Ts__, there exists a unique map g : M — Max" (9M) such that go f =1

Proof. The first point is clear.

Take (9, f) as in the proposition. Since the quotient 9t/Max" (90) is killed by a power of u,
the map ¢ is uniquely determinated. On the other hand, by full faithfulness of "Tp,, f induces an
isomorphism f : 91 /u] — DV'[1/u]. Denote by g the restriction of f~* to M. Since M’ is finitely
generated over &, g(9') is also and hence g(9M') C Max"(9M) (by definition of Max"). In other
words, g induces a map 9’ — Max" (91) and it is easy to check that go f = /™% .

It remains to prove that the universal property characterizes Max" (91). But if 9 satisfies also
the universal property, we get two maps 9 — Max" (9) and Max"(91) — M’ whose composites
in both direction must be identity. O

The category Max;’g
Definition 3.3.6. We put Max;’goo = MaxT(Mod;’goo). It is a full subcategory of Mod%)oo

We now show several pleasant properties of this category.
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Proposition 3.3.7. The functor Max" Mod;g — Max/6 is a left adjoint to the inclusion
functor Max/6 — Mod;’g00

Proof. Let f : 9 — 9 be a morphism in Mod;’ci5 and assume that 9 is maximal. We have

to prove that there exists a unique map f : Max"(9) — 9’ such that f o2 = f. The unicity
is implied by the following observation: 9" has no u-torsion, and Max" (9)/90 is cancelled by a
power of u. For the existence, just remark that f = Max"(f) is appropriate. O

Theorem 3.3.8. The category Max/6 1s abelian. More precisely, if f: 9 — 9 is a morphism

m Max/G

o the kernel of f in the usual sense is an object of Max/g and is the kernel of f in the abelian

category Max/6 ;

e the cokernel of f in the usual sense, coker f, is an object of ’Mod;g and Maxr(uc_(t)gfsri(fn)
¢

is the cokernel of f in the abelian category Max/gx; moreover if f is injective, then coker f
has no u-torsion ;

d;g and its image
under the functor Max" is the image (resp. coimage) of f in the abelian category Max;’gm

e the image (resp. coimage) of [ in the usual sense is an object of Mo

Proof. Let f : 9 — 9 be a morphism in Max;’gw. By Proposition 2.1.1 (iii), R = ker f is an object

of Mod;gm. It remains to prove that it is maximal. Denote by 9MM,.x the G-submodule of M[1/u]
generated by Max"(R) and 9. It satisfies Condition (2) (because Max" () and 9t satisfy it) and
hence, by Proposition 2.1.1 (ii), it is an object of MOd;gw included in 9M[1/u]. Since M is assumed
to be maximal, we get Mpaxe C M and then Max" (R) C M. It follows Max" (&) C MNK[1/u] C R
(for the last inclusion, use &[1/u] = ker (f ®s G[1/u])), and Max"(R) = R.

With Proposition 3.3.7, it is easy to prove that Maxr( coker /) is the cokernel of f in Max;’gm

u-torsion

The implication (f injective) = (coker f € Mod;2 . ) is showed as in Proposition 3.3.4.

We have already seen that the usual image of f, say im f, is an object of Mod;’goo (Proposition
2.1.1 (iii)). Let g : im f — 9 be the natural inclusion. We have coker g = coker f. On the other
hand, since Max"(g) is an injective morphism between two maximal objects, its cokernel has no
u-torsion. Together with ¢ ®g 6[1/u] = Max"(g) ®s S[1/u], it implies coker Max" (g) = ucilgfsrlc’:n
Now, applying the left-exact functor Max" (see Proposition 3.3.4) to the exact sequence 0 —
Max" (im f) — D — 2E0E — 0, we get Max” (im f) = ker (M — €) where € = Max" (;2550).
Statement about image is then proved.

Finally, by definition, the usual coimage (resp. coimage in Max"? /6 ) of f is the usual cokernel

(resp. cokernel in Max /60@) of the inclusion ker f — 91. The announced property about coimages
follows and then also the identification between image and coimage. O

Lemma 3.3.9. Let a: 9 — M and B : M — M” be morphisms in Max/G such that foa = 0.
¢

The sequence 0 — M — M — M — 0 is exact in (the abelian category) Maxg if and only if
the sequence 0 — ' [1/u] — M[1/u] — M'[1/u] — O is exact.
Moreover, the functor Mo, : Max;’é’oo — Mod 0 U8 fully faithful.

Remark: The reader should be very careful with the following point. There is two different notions
of exact sequences in Max;’g The first one is given by the structure of abelian category whereas

the second one is just the “restriction” of the notion of exact sequence in Mod"; Jre ™? . From now on,
we will only consider the first one. This is for instance the reason why Corollary 3.3.11 is not in
contradiction with the counter-example given after Proposition 3.3.4.
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Proof. By description of kernels and cokernels given in Theorem 3.3.8, we have the following: the
sequence 0 — M — M — M’ — 0 is exact in Max;’goo if and only if 0 — ' — M — M" is
exact (as a sequence of G-modules) and coker (9 — M) is killed by a power of w. The first part
of lemma then follows.

Since for all M € Max7?2 | we have 9 C M[1/u], the functor "Mo, is clearly faithful. Let 91

/S oo
and M’ be two objects of Maux/G and f: M[1/u] — V[1/u]. We have to show that f sends I

to M'. Using Proposition 2.1.1 (iii), we have f(9) € Mod;’é’0<> and by the proof of Proposition
3.2.3, f(9M) + P (computed in P'[1/u]) is in Mod;g Hence, by definition of maximal objects
FON) + 99 C M, and then f(9M) C M’ as required. O

Corollary 3.3.10. The functor Ts_, defined on Max/6 1s exact and fully faithful.
Corollary 3.3.11. The functor Max" : Mod;’g — Max/6 s exact.

Theorem 3.3.12. The functor Max" : Mod?’é’m — Max;’gm realizes the localization of Mod;g

with respect to morphisms f such that Ts__ (f) s an isomorphism.

Proof. Take C a category and F : Modr '? _, C a functor that satisfies the following implication:
if Ts__(f) is an isomorphism, then F'( f) too. We have to show that there exists a unique functor
G making the following diagram commutative:

¢
Mod/G >

a

C

Max

Maxq/" é’

If M is in Max/’é> , we must have G(IM) = F o Max" (9) = F(M). This proves the unicity
and gives a candidate for G. Finally, we only have to check that for all 9t € Mod;gm, there
exists a canonical isomorphism between F(91) and G(Max"(9)) = F(Max"(9)). It is given by
F(ihax)- O
How to recognize maximal objects?

It seems to be difficult to find a criteria to recognize maximal objects among objects of Mod;’é)oc
Nevertheless, we have the following stability property.

Proposition 3.3.13. The category Max/G is stable under extensions in Mod;g

Remark. The proposition means that if 0 — 9 — M — M’ — 0 is an exact sequence in MOd;gw
(and not in Max"2 /&, — that does not make sense) and if 9" and 9" are maximal, then M is also.

Hence, the proposition does not imply that Max"? /6 is the smallest full subcategory of Mod;’g
containing simple objects described in §3.6.

Proof. Assume that 0 — 9 — M — M’ — 0 is an exact sequence in Mod/6 and I and M
are maximal. We have the following diagram:

0 '’ m m” 0
L)
0 —— 9 — Max" (9M) ¢ 0

where € is defined as the cokernel of 9 — Max" (91). A diagram chase shows that f is injective.
Moreover by Theorem 3.3.8, € € Mod;g and it is easy to check that 9"[1/u] = €[1/u]. Since M
is maximal, we must have 9" = €, i.e. f bijective. It follows that 9t = Max" (91) as required. O
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Then we have a sufficient condition to be maximal.
Lemma 3.3.14. Let M € Mod;’gl. If coker (id ® ¢) is killed by uP=2 then 9 is mazimal.
Proof. Tt follows from the proof of Lemma 3.2.4. 0

Corollary 3.3.15. Ifer <p— 1, then Max?’goo = Mod;’é)oc

3.4 Minimal objects

In this section, we develop a dual notion of maximal objects (called minimal objects), that satisfies
analogous properties. According to Corollary 3.2.6, we need to assume r < co.

The functor Min"

Definition 3.4.1. Let 9 € Mod;’goo. The object Min" (90) is defined as the smallest element of
FE(OM[1/u]). Tt is endowed with an homomorphism 2% : Min" (91) — 9 in the category 1\/[0d7/“’§0c

An object 9 of Mod;’g is said minimal (in Mod;’g ) if «™% is an isomorphism.

Proposition 3.4.2. The previous definition gives rise to a functor Min" : Mod;’goc — Mod;’gm.

Moreover, the collection of map (M) defines a natural transformation between Min” and the

min)
identity functor.
Proof. Consider f : 9, — 93 a map in Mod;’g . In order to prove that Min" is a functor, we

have to show that f(Min"(9%;)) C Min" (92). Since Mod;’é’x is stable under images (Proposition
2.1.1 (iii)), we can assume successively that f is surjective, then injective.

Assume first f is surjective. Put F = f ®g &[1/u] and M) = F~1(Min"(9M3)). From the
surjectivity of f and (Min"9)[1/u] = Ms[1/u], we deduce MM} [1/u] = M1[1/u]. Moreover, if
R = ker f, we have the following commutative diagram:

00— ¢"R[1/u] —— ¢"M}] —— ¢*Min" (M) ——0
id®¢>l~ id®e¢} l id®¢2 J{

0 R[1/4] ) Min"(9My) —— 0

Hence coker (id ® ¢}) can be seen as a submodule of coker (id ® ¢4) and so it is killed by E(u)"
(if » = oo, it must be replaced by a sufficiently large integer). Therefore, by Proposition 2.1.1 (ii),
M, € FE(M[1/u]) and Min"(9t;) C M. The conclusion follows.

Now, assume f is injective and consider 9, as a subobject of My. Put M) = My [1/u] N
Min"(93). Since (Min"93)[1/u] = Ma[1/u], we have M) [1/u] = My[1/u]. Let x € M. There
exists y € ¢*My[1/u] and z € ¢*Min" (9M5) such that = id ® ¢(y) = id ® ¢(z). Since id ® ¢ is
injective on My[1/u], we must have y = z € M. So, by Proposition 2.1.1 (ii), M) € FE (M [1/u]).
Hence Min" (91;) C M), and we are done.

The last statement of the proposition is then obvious. O

Proposition 3.4.3. The functor Min" is a projection, that is Min" o Min" = Min".
Proof. Just use Min" (9)[1/u] = 9M[1/u]. O
Lemma 3.4.4. Let [ : 9 — I be a morphism in Mod;’gw. Then f(Min"(901)) = Min" (f(9M)).

Proof. First note that f(9M) is an object of Mod”;¢  (Proposition 2.1.1 (iii)) and consequently the

/6o
formula Min" (f(20%)) makes sense.
The inclusion C has been proved in Proposition 3.4.2. Put 9" = f(Min(901)). By Proposition

2.1.1 (iii), it is an object of Mod;’goo such that 9" [1/u] = f(IM)[1/u]. Hence Min(f(IM)) C M”
as required. O
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Corollary 3.4.5. Let f : 9 — 9 be a morphism in Mod';?

fra If f is injective (resp. surjective),
then Min" (f) is also.

Remark. Dualizing the example given after Proposition 3.3.4, we see that Min" is not “middle-
exact”.

Proposition 3.4.6. Let M € Mod;’gm. The couple (Min(9), ™ ) is characterized by the follow-
ing universal property:

m

o the morphism Te__ () is an isomorphism;

e for each couple (I, f) where M € MOd;gw

under Te__, there exists a unique map g : Min(9M) — M such that fog= 12 .

and f : M — M becomes an isomorphism

Proof. The first point is clear. Take (9, f) as in the proposition. Since Ts__ (f) is an isomorphism,
f induces an isomorphism 9V [1/u] — M[1/u] (by full faithfulness of T, ). Hence, f is injective,
and we can consider 9’ as a subobject of M. It is then sufficient to prove that Min" (9%) C IV
but this follows from the definition of Min". O

The category Min;’goc

Definition 3.4.7. We put Min;’gm = Minr(Mod;gm). It is a full subcategory of Mod;’goo.

Proposition 3.4.8. The functor Min" : Mod;’é’oo — Min;’goo is a right adjoint of the inclusion

functor Min’/”’goo — Mod;’gm.

Proof. We have to prove that if f : 9t — 9 is any morphism in Mod;’gw
f factors through (2 . This is a a direct consequence of Proposition 3.4.2. O

with 91 minimal, then

Theorem 3.4.9. The category Min’;gm is abelian. More precisely, if f: 9 — M is a morphism
in Min;’gm
o the kernel of f in the usual sense is an object of Mod;’gm whose image under Min" is a kernel
of f in the abelian category Min;goc

coker f
u-torsion

e the cokernel of f in the usual sense, coker f, may have u-torsion; however s an

T,

object of Min;’gw which is a cokernel of f in the abelian category Min/Gx

e the image (resp. coimage) of f in the usual sense is an object of Min?’é’m and is the image
(resp. coimage) of f in the abelian category Min?’gw.
Proof. During the proof, we will denote by ker f, coker f, im f and coim f the objects computed
in the usual sense.

The assertion about kernels results from Propositions 2.1.1 (iii) and 3.4.8. Let’s prove the
assertion about cokernels. Denote by € the quotient of coker f by its u-torsion. Obviously € has
no u-torsion. Moreover, it satisfies Condition (2), it is finitely generated and it is killed by a power
of p (since it is a quotient of 9M"). Hence, by Proposition 2.1.1 (ii), € € Mod;’gm. Lemma 3.4.4
applied to the surjective morphism 9 — € then shows that € is minimal.

By definition, the image (in Min;’g ) of f, called J, is the kernel (in Min;’g ) of M’ — €. Hence
imf C J and the quotient J/im f is killed by a power of u. It follows that Min" (im f) = Min"(J) = J.
But, by Lemma 3.4.4, im f is already minimal. Thus J = im f as required. The argument is quite
similar for coimage (remark that since coim f is isomorphic to im f, it is also minimal). O
Lemma 3.4.10. Let o : MM — M and 5 : M’ — I be morphisms in Min;’g such that Boa = 0.
The sequence 0 — M — M — M"” — 0 is exact (in the abelian category) Min;’gw if and only if
the sequence 0 — IM'[1/u] — M[1/u] — IM'[1/u] — 0 is exact.

Moreover, the functor ’Mo, : Min;”goo — Mod;’é’oo 18 fully faithful.
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Proof. The first part of lemma follows from the description of kernels and cokernels given above.

Since for all M € Min;’goc, we have I C M[1/u], the functor is clearly faithful. Let 9t and 9
be two objects of Min;goo and f: M[1/u] — 9M'[1/u]. We have to show that f sends 9 to M.

The proof is the same as in Proposition 3.4.2. O

Corollary 3.4.11. The functor Ts_, defined on Min;’goo is exact and fully faithful.

Corollary 3.4.12. The functor Min" : Mod;’gw — Min;’é)oc is exact.

Link with duality

Proposition 3.4.13. Assume r finite. For all 91 € Mod;’gw, we have natural tsomorphisms
Min" (OMY) ~ Max"(9M)"  and Max"(9") ~ Min" (901)".
In particular, duality permutes subcategories Min;’gm and Max;’gm,

Proof. Formula (6) implies that, given a morphism f in the category Mod?’gm, Ts. (f) is an
isomorphism if and only if Ts_ (fV) is. Then the proposition is a formal (and easy) consequence
of the universal properties defining Max” (Proposition 3.3.5) and Min" (Proposition 3.4.6) on the
one hand, and the full faithfulness of Tis__ on Max;’gm (Corollary 3.3.10) and Min;’gm (Corollary
3.4.11) on the other hand. O

3.5 A reciprocity formula

In this subsection, we will use the functor j, of Fontaine defined in §B.1.4 of [10]. For M € ’Mod?og ,
define the ordered set Gg(M) as the set of G-submodules 9 C M such that 90 is of finite type

over &, stable under ¢ and id ® ¢ : ¢*MM[1/u] — M[1/u] is bijective. Recall that, by definition:

M=) m
MeGs (M)
In the same way, we put for any r € {0,1,...,00}:
gaM= ) m
MeGy, (M)

where G5 (M) is the ordered set of all M € Mod?"é’m with 9 C M (we do not ask 9[1/u] to be
equal to M). By §B.1.5.3 of [10], the equality G (M) = GZ (M) holds. Moreover, if M is an
object of Mod;’gm, (the proof of) Proposition 3.2.3 shows that greatest elements of FZ(M) and
G'&(M) coincide. Hence Max" (901) = 45 (9M[1/u]).

Following [14], we define for r € {0,1,...,00}:

6,});77. == j:(ogur /pnogur) C Ogur /p"(’)gur and GfJ. = @62’7" C Oé‘ur.

For all integer n, &/" is an object of ’Mod;’gw, and obviously &/>° = |,y &{". By Proposition
2.5.1 of loc. cit., they are stable under ¢ and the action of G,. Furthermore, this proposition
implies that &7°° is the period ring &" traditionally used in this context (for instance in [12], [13],
[14]). Finally, if 9t € Mod;’goo is cancelled by p", the formula for Ts__ (90) can be “simplified” as
follows:

oo

Tg (m) = Hom,MOd;g (m, 6517").

(To prove this, it is enough to show that the image of any f € Ts__ (9M) is an object of Mod;gm,
which follows from Proposition 2.1.1.)

Here is the main theorem of this subsection:
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Theorem 3.5.1. Let 9 € Mod”?

V6., killed by p™. Then Max"(9) = Homg, ¢ (Ts.. (9, &im).

Remark. Tt seems that such a formula does not exist with Min" (instead of Max"). Indeed, it would
probably imply the left-exactness of Min", which is known to be false (see remark after Corollary
3.4.5).

Proof. Put 9 = Homy, ¢.|(Ts.. (M), &{ 7). It is endowed with a Frobenius ¢ (given by the
Frobenius on &£"). Moreover, biduality gives a natural map compatible with Frobenius:

v : Max"(9M) — Homg ¢ 1(Ts. (Max"(90)), Sim) ~ .
By Remark A.1.2.7.(a) of [10], the composite
Qs S[1/u] ~ r n
= W[l/u] > HomZp[Gx] (CZ—‘QEoc (MaX (m))7 Ogur /p Oé’ur)
= HomZp[Goo] (’T@s (Em[l/u]), Ognr /pnOg\xr)

M1 /u]

is bijective. Hence, t®s &[1/u] is also a bijection. We want to prove that ¢ itself is an isomorphism.
Injectivity is clear since Max" (91) has no u-torsion. Since Max" (90) = j5 (9M[1/u]), surjectivity will
follow from the statement “every f € 9 is contained in an object M € Gy (M[1/u])”. Let us prove
the claim. Consider ey, ..., eq a generating family of 9 and put x; = f(e;). By definition of &/,

there exists M; C Ogur /P Ogur with N; € Mod;’g and x; € M;. Then, as usual using Proposition

2.1.1, we can check that 9 = Homgz ¢_j(Ts. (Max"(90)), 2?21 N;) answers the question. O
3.6 Simple objects

For simplicity, we assume in this subsection ¢g = 1 (recall that ¢y = @). Of course, it is not
crucial but assuming this will allow us to simplify several formulas and several definitions of objects.
We fix an element r € {0,1,2,...,00}.

Definitions and basic properties

Definition 3.6.1. Let S’ be the set of sequences of integers between 0 and er that are periodic
(from the start). To a sequence (n;) € §’, we associate several numeric invariants:

e its dimension d: it is the smallest period of (n;);
e for i € Z/dZ, the integer s; = nipt! + ni+1pd’2 + o Nrd—1;
o fori € Z/dZ, t; = 3= € Q/Z and t = ty.

pd—1

We also associate an object M (n;) € Mod;’é’1 defined as follows:

e as a &1-module, M(n;) = @ e; 61
i€Z/dZ

o for all i € Z/dZ, ¢(e;) = u™e;y1.

Let S be the subset of S’ consisting of all sequences (n;) for which the elements tg,...,tq_1 are
pairwise distinct (in Q/Z).

Proposition 3.6.2. Assume r < oo. Let (n;) and (m;) be two sequences in S'. If n; +m; = er
for all i, then duality permutes objects M(n;) and M(m;).

Proof. Easy computation. O

Lemma 3.6.3. Let (n;) €S and s be a non negative integer. Let (E) be the equation ¢%(z) = u’x
in variable x € M(n;) (resp. x € M(n;)[1/u]). Then (E) has a non zero solution if and only if
there exists i € Z/dZ (necessarily unique) and v a non negative integer (resp. an integer) such
that s — s; = v(p® — 1). In this case, the set of solutions is {au’e;, a € kNF,a}.
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Proof. First, remark that if p? — 1 divides s — s; and s — s, we get s; = s; (mod p? —1) and then
t; =t; (mod Z). Hence, by assumption, ¢ = j (in Z/dZ). This justifies the unicity of i.
An easy computation gives ¢%(e;) = u®ie; for all i. Write x = mgeg + -+ + zq_1€4_1 with
d
z; € 61 = k[[u]] (resp z; € &[1/u]). Then (E) becomes the system u*z! = u®z;, and the lemma
follows. -

Proposition 3.6.4. Let (n;) and (n}) be in 8. The objects M(n;) and M(n,) are isomorphic if
and only if there exists an integer b such that nj, = n; for all i.

Proof. The condition is obviously sufficient. Now, take (n;), d and s;, etc. as in Definition 3.6.1.
We have to show that knowing 9t = 9(n;), we can recover the sequence (n;) up to a shift. Since
d is the dimension of 9, it is clearly determined. By Lemma 3.6.3, integers s; are exactly integers
s such that there exists € M, = ¢ uIM such that ¢?(z) = u®z. So, their set is also determined.
Moreover if x; is a non zero solution of ¢d(xi) = u®x;, we can write x; = qze; with o € k. It
follows that ¢ maps x;6;1 to ;1167 and then that the sequence (s;) is determined up to circular
permutation. It remains to prove that the knowledge of (s;) determines the sequence (n;). But we
have an equality

50 Nd—1
S1 u o
Sd—1 ng—2

where M is a matrix with integer coefficients whose reduction modulo p is identity. Hence it is
invertible and proposition follows. O

Maximum and minimum objects Here, we compute functors Min" and Max" on objects
M(n;). We first define several subsets of S’.

Definition 3.6.5. Put m = min{er,p — 1}.

Let Spax € S’ be the set of sequences of integers between 0 and m that are periodic except
that the constant sequence with value p — 1 is removed from Syax (if necessary).

If r < oo, define Sy C S’ as the set of sequences of integers between er — m and er that
are periodic except that the constant sequence with value er — (p — 1) is removed from Sy, (if
necessary).

Lemma 3.6.6. We have Siax C S and Smin C S (if r is finite).
Proof. Exercise. (For Max, one may consider expansion of ¢;’s in p-basis.) O

Until the end of this subsection, the assumption r < oo will always be implicit when dealing
with minimal objects.

Proposition 3.6.7. Let (n;) € Smax (resp (n;) € Smin). Then M(n;) is mazimal (resp. minimal).

Proof. By duality, we only have to prove the statement with Max. By examining the proof of
Lemma 3.2.4, we see that Max(9(n;)) C £9(n;). Assume by contradiction, that there exists an
element © € Max(9(n;)), x € M(n;) and write ux = xpeg + -+ - + x4_1€4—1 with x; € &1 and
z; & u6S; for one index j. A computation gives:

¢($0)61+_“+ ¢(£1%172)e ot ¢(33d71)e

uP—no uP—"nd—2 - uP—Mnd—1

¢(z) =

This element have to lie in Max(9(n;)). Therefore p —n; <1, i.e. n; 2 p—1. Son; =p—1.
Repeating the argument with ¢(z) instead of x, we obtain n;1; = p — 1, and so on. Finally,
n;, =p— 1 for all ¢ and (n;) & Smax- O

Proposition 3.6.8. For any (n;) € S, there exists a sequence (m;) € Smax (resp. (M;) € Smin)
such that Max(9M(n;)) = M(m;) (resp. Min(M(n;)) = M(m;) ).
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Proof. By duality, we only have to prove the statement with Max. Denote by s, the unique integer
in [0, p?—1] congruent to s; modulo p?—1, and define m; to be the quotient in the Euclidean division
of s; by p. It is easy to see that the m;’s (0 < i S/ d — 1) are digits in p-basis of s{,, and that this
property implies (m;) € Smax. Now, put ¢; = ‘;‘;1__517‘: it is the quotient in the Euclidean division of
s; by p. These numbers are non negative integers and they satisfy the relation pg; +m; = qiy1 +n;

for all i € Z/dZ.

Denote by 9 the submodule of M([1/u] generated by e} = ﬁei. A direct computation gives
o(ej) = u™iej, 1, and then M" ~ MN(m;). Moreover Proposition 3.6.7 shows that 9’ is maximal.
The conclusion follows. O

Remark. If (n;) is in &’ but not in S, almost all arguments of the proof are still correct. The only
problem is that the sequence (m;) obtained is periodic with period less than d.

Corollary 3.6.9. Let (n;) € S. If M(n;) is mazimal (resp. minimal) then (n;) is in Smax (TeSP-
Smin)-

Proof. By Proposition 3.6.8, we can find a sequence (m;) € Spax such that M(n;) = Max(9M(n;)) ~
M(m;). By Proposition 3.6.4, there exists an integer b such that n; = m;4; for all 4, and then
(nz) S Smax~ D

Corollary 3.6.10. Let (n;) and (n}) be in S. Objects Max(M(n;)) and Max(IM(n})) (resp.

Min(9(n;))) and Min(9(n}))) are isomorphic if and only if there exists an integer b such that
t = pbt’ (mod Z) (with obvious notations).

Proof. Easy after Proposition 3.6.4 and proof of Proposition 3.6.8. O

Classification With notations of [16], §1, an easy computation gives the following theorem.

Theorem 3.6.11. Let (n;) € Smax- Then Ts_ (IM(n;)) is an irreducible representation of G
whose tame inertia weights are exactly the n;’s.

Remark. For (n;) € Smin, tame inertia weights of Te__ (9M(n;)) are not simply linked with the n;’s.
Precisely, to make the computation, the method is to write the rational number ¢; in p-basis and
then to read its digits.

Proposition 3.6.12. We assume k to be algebraically closed. Let (n;) € S. The object Max(9(n;))
(resp. Min(9M(n;))) is simple in Max;’gw (resp. Mm;é’x} All simple objects can be written in
this form.

Proof. If er < p — 1, the proposition was already proved in §4 of [7]. From now on, we assume
er > p — 1. Moreover, it suffices, using duality, to show the proposition with Max.

By the exactness and the full faithfulness of T _ on Max;’gw (Corollary 3.3.10), in order to
show that Max(9(n;)) is simple, it is enough to justify that Ts__ (Max(9(n;))) is an irreducible
representation, which is a direct consequence of the previous theorem. Now, consider 91 € Max;’gm
a simple object. By the previous theorem and the classification of irreducible representations given
in §1.5 and §1.6 of [16]°, there exists a quotient of Te__ (9M) isomorphic to Te__ (M(n;)) for some
sequence (n;) € Smax. Since er = p — 1, we have M(n;) € MOd?gw and M(n;) = Max" (M(n;))
(since (n;) is in Spax). Finally, full faithfulness of Tg__ on Maux;’é)oc gives a non-vanishing morphism
M(n;) — M, and the proposition follows. O

Corollary 3.6.13. Assume that k is algebraically closed. Then, for any r, the essential closure of
the category Tem(Mod?’g ) is stable under quotients and subobjects.

Proof. Noting that TGOO(Mod;’gOO) = Tgoo(Max;’goo), the corollary is a direct consequence of

Theorem 3.6.11, Proposition 3.6.12 and Property 6.4.2 of [7]. O

5In this reference, the classification is made for G i -representations, but it is easily seen that the same arguments
works with Goo-representations.
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3.7 Reformulation with Mod;’s‘l;

Under the equivalence of Theorem 2.3.1, almost all results proved in previous subsections can be
translated into statements about Mod;’gfm. Here is a quite long theorem that summerizes what one
obtain.

Theorem 3.7.1. Assumer < p — 1.

o (cf Proposition 3.3.5) For each M € Mod/s there exists a unique couple (Max" (M), M :

M — Max"(M)) (where Max" (M) is an objects of Mod?’g& and X a morphism in this
category) such that:

— the morphism Tyst (11 is an isomorphism;
— for any M’ € Mod/s endowed with a morphism f : M — M’ such that Tos(f) is an

isomorphism, there exists a unique g : M’ — Max" (M) such that go f = M.

This construction gives rise to a functor Max" : Mod;’gfoo — Mod;’;; together with a natural
transformation tyay @ idayg — Max”.

e (cf Proposition 3.3.3) The function Max" is a projection, that is Max" o Max” = Max".

e (cf Proposition 3.3.7 and Theorem 3.3.12) The functor Max" Modr ¢ — Max/’g is a left

adjoint to the inclusion Max', g — Modr¢ and realizes the locahzatwn of Mod/s with
respect to morphisms f such that Tast(f) zs an isomorphism.

e (cf Theorem 3.3.8) The essential image of Max", called Max/s , is an abelian category.

o (cf Corollary 3.3.10) The restriction of Tgs; on Max;’g’m is exact and fully faithful.
Of course, we also have a dual versmn of this theorem with minimal objects. It gives rise to a
function Min" : Modm5 — Mod"¢ /S whose essential image is denoted by Mln; S¢ It is clear that
duality on Mod”? /S d1scussed in §2.4 permutes functors Max” and Min" and categories Max"¢ /S

and Min /’g

Furthermore, if k is algebraically close, we can give a classification of simple objects of Max"? /S

and Mm/sx' For any sequence (n;) € S (see Definition 3.6.1) put M(n;) = Ms__ (M(n;)). It is
described as follows:

b AA 7% 6}9 .ﬂ‘sla

i€Z/dZ.

o Fil'M(n;) = Y u"f; Sy

€L/
o for alli € Z/dZ, ¢ (u " f;) = (=1)" fiz1.

Theorem 3.7.2. Assume the residue field k algebraically closed, and r < p — 1.
For all sequence (n;) € Smax (resp. (n;) E Smin ), the object M(n;) is simple in Max (resp.

in Mln ). Every simple object of MaX (resp. of Mln/sm) is isomorphic to M(nz) for a
certam sequence (ni) € Smax (Tesp. (n;) 6 Smm) Moreover, two objects M(n;) and M(m;) are
isomorphic if and only if there exists an integer b such that n; = m;yp for all i.

The Goo-representation Tysi(M(n;)) is irreducible and its tame inertia weights are exactly the

n;’s.
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4 The caser =1

We assume r = 1. The forgetful functor Mod}ﬁo’jm — MOd}:‘?x is an equivalence of categories
(see Lemma 5.1.2 of [1]), and therefore, quasi-semi-stable representations are exactly restrictions
to G of quotients of two lattices in a crystalline representation with Hodge-Tate weights in {0, 1}.
Moreover, they are also (restrictions to G, of) representations of the form G(K) where G is a finite
flat group scheme over Ok killed by a power of p. Let denote by Rep%!(G) (resp. Rep%t(Goo))
their category. We have the following commutative diagram

Tst
Mod) g™ Rep2 (Gx)
Mod}g'z; Max! MaX}g{; Tast Repg%l] (GOO)

where vertical arrows represent forgetful functors.

Proposition 4.1. The functor Ty factors through Max}ﬁx.

Proof. By the last statement of Theorem 3.7.1, it is sufficient to prove that if Tqe(f) is an
isomorphism, then Ty (f) is also (where f in any map in Maux}gZb ). But it is obvious since

Tyt (f) = Tt (f)- O

Corollary 4.2. The functor RepL%”(GK) — Repgi;”(Goo) is fully faithful. In other words, if F :
T — T is a Goo-equivariant map between two objects of Repgz;l](GK), then it is Gk -equivariant.
Moreover, Ty : Max}’sio — RepLOO’I] (Gk) is fully faithful.

Proof. If M and M’ are objects of Max}ﬁw, the composite

HomMaX1,¢ (M, ,/\/l/) — Hom Tt (M/),Tst(/\/l)) — Hom

/50 Repl2 (G0

Tose (M), Tyst (M)

Replo! (Goo>(

is bijective (by full faithfulness of Ty ) whereas the second map is obviously injective. This implies
[0,1]
oo

Gk)), the corollary follows. O
(GK)), y

that both maps are bijective. Since Ty : Max}’; — Rep

(0,1]
o0

(Gk) is essentially surjective (by
definition of Rep

Remark. The first part of corollary was already known (Theorem 3.4.3 of [5]). However, the proof
given here is slightly different.

5 Perspectives and questions

The semi-stable and crystalline case

Of course, one may ask if the previous theory can be extended to the semi-stable case. Precisely:

Question 1. Can we find a simple criteria to recognize an object of Mod;’;’N that can be written

as a quotient of two strongly divisible modules?

Question 2. Are Theorems 3.7.1 and 3.7.2 (with N(f;) = 0) still true if we replace Mod;’g; by

Mod;ﬁj (Max§ by Max7$"™, and Ty by Tar)?

It seems quite difficult to find a satisfying answer to question 1. For the moment, the authors
do not know if any object can be written such as a quotient, although they conjecture it is false. On
the other hand, Question 2 seems more accessible and will be partially answered in a forthcoming
paper ([8]).

Finally note that links between crystalline and semi-stable torsion theory seem to be more

complicated than it looks. Denote by Mod;ﬁiN) the full subcategory of Mod?’;?o’cN gathering objects
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M satistying N(M) C (uS + Fil' S)M. If r = 1, we saw that the forgetful functor Mod;’i’fm —

Mod;’g; is an equivalence and then one can identify Mod?’é’im and Mod;’g;. However, if r > 1,

this functor is not anymore fully faithful and consequently one can not identify Mod;ﬁim as a

subcategory of MOd%; )

Here is a counter-example. Assume e > %. Assume also that there exists A € S; such that
APt =c (mod p). Put M = €151 @ e251, and let Fil" M be the submodule of M generated by ey,
u¢tP~tey and Fil’S; M. Equip M with a Frobenius by putting ¢,.(e;) = e; and ¢, (uTP"1ey) =
ez. Then it is possible to define on M two monodromy operators N; and Ny by the formulas
Ni(e1) = Na(e1) = 0, Na(e1) = AuPea, Na(ea) = 0. These operators give rise to two objects My
and Ms of Mod;’i’o(N). They are not isomorphic since N o ¢, vanishes on Fil"M; but not on
Fil" M. Moreover, one can prove that associated Galois representations (via the functor Ty ) are
not isomorphic.

Going further, we can evaluate what should be Min(M;) and Min(Ms). For simplicity, assume
e < p—1. Define M’ = ¢} 51 @ €451 endowed with Fil" M’ generated by e}, ue, and FilPSM’.
Put ¢.(e]) = €} and ¢, (ueh) = e). Again, we can equip M’ with two monodromy operators
N; and Ny defined by Ny(e]) = Ni(eh) = 0, Na(e]) = Aeh and Ny(e) = 0. Call M} and

M, the corresponding objects of Mod;’;ch. For i € {1,2}, we have a morphism M} — M; (in

Mod?’g?o’cN) and we can check that it induces an isomorphism via Tg. Moreover, since e < p — 2,
MY and MY should be minimal. Therefore Min"(M;) should be equal to M/ and the implication
Me Mod;ﬁo’o(m) = (Min(M) € Mod;’;l’o(N)) should (surprisingly) be false.

A point of view with sheaves

Proposition 3.3.7 and Theorem 3.3.8 show that the situation is quite similar to what happens with
presheaves and sheaves. More concretely we may ask the following question:

Question 3. Is it possible to see objects of Mod;’gx (resp. Max;’gm) as global sections of some
presheaves (resp. sheaves) on a certain site, in such a way that the functor Max corresponds to
the functor “associated sheaf”?

Is it possible to find such presheaves and sheaves in certain cohomology groups of certain
varieties?

In order to precise the latest question, assume r = 1. Consider G a finite flat group scheme

killed by a power of p over Ok. In [4], Breuil manages to associate to G an object M € 1\/[0d7g;o

using geometric construction. We can ask the following:

Question 4. Is it possible to find an only geometric recipe that associates to G the object Max(M)?
For instance, can we obtain this recipe by sheafifying (in a certain way) the construction of Breuil?
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